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Γ=

{
X2

S + Y 2
S + Z2

S = 1
XOXS + YOYS + ZOZS = KO.

8C^A9

� Ú$üsä�ß
à¨ä�á�Û
Γ
ÚmÙ�à�è°ä�ß«üAá�ß_üsÚmÛ�üvâ¡Ú�ì�FÈâ6ÚmÙ¯àÅå�â¡áUÙÅÙ¯Ý·Þ)å�â·Úè�� Ú�)	à¨Û©ç�Ý·Û¨Ú è°ÚXÙzÝ·ß��Áä�Û�Þ�çªà�Ý¡ä�ß«ÙwÜ	Ý²Ù¨á�Úvâ·â¡ÚXÙzä�å°à�Ý¡Þ�ç�â·ÚmÙU��åUç�Û¨à¨Ý·Ûè°Ú1üsÚ1üsÚmÛ�üvâ¡Ú�ë
á=� �Æå«ç�Û¯à�Ý¡Û[è�Ú�âN� Úvâ·â¡Ý·å«Ù¨Ú�ä�é«Ù¨ÚvÛ�ÜE/vÚ%Ù¨á�Û�â·Ú�å�â²ç�ßÝ¡Þ�ç�û�Ú6åOÚmÛ�Ù¨åOÚmüsà¨ÝY��ì

�L�N� � �1×©Ñ�ï«��ðzÓ��¯Ñ������a�¯�	��ÖwÕ¯Õ�Ö��T�ÉÑ�Ó	Ö��[Ó��¯Ö�Õ¯Õ�Ö��
� ä�Ý¡à

(C,u,v,n)
á�ßRß�ä�á�Ü�Úmç�á2Ù��°Ù�à��vÞ)ÚMè°Ú¾üvä	ä�Û©è°ä�ß«ß�/vÚXÙäEO

(u,v)
ÚmÙ¯àÉá�ß2Ù��°Ù¯à��mÞiÚ)ä�Û¨à��«ä�ß�ä�Û¨Þ�ç�âdÙ¨á�Û P Úsà

n
ÚXÙ�àâ¡ÚÉÜ�Úmüsà¨Úvá«Û%ß�ä�Û�Þ�ç�â=� P 8�Ü�ä�Ý·Û � Ý·û�á�Û�ÚB"@8fç@9�9sì� Ú�å«ç�Ù¨Ù�ç�û�Ú1è°áMÛ�ÚvåK�mÛ¨Ú

(C,x,y, z)
ç�á"Û�ÚvåK�mÛ¨Ú

(C,u,v,n)ÚmÙ¯à%á�ß«ÚÆÛ�ä�à©çªà�Ý¡ä�ß

R =




ZO

α1

0 −XO

α1

−XOYO

α2

X2

O+Z2

O

α2

−YOZO

α2

XO

dO

YO

dO

ZO

dO




ä@O




dO =
√

X2
O + Y 2

O + Z2
O

α1 =
√

X2
O + Z2

O

α2 =
√

X2
O + Z2

O

√
dO.

,�ç�ß«Ù�â·Ú¹ß«ä�á�Ü�ÚXç�áoÙ��°Ù�à��vÞ)Ú>è°Ú>üvä	ä�Û©è°ä�ß�ß�/vÚXÙ
(C,u,v,n)

ã
8C^A9 è°ÚmÜ	Ý¡Úmß�à

Γ=

{
X ′2

S + Y ′2
S + Z ′2

S = 1

Z ′
S =

√
1− R2

d2

O
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Γ

Sp(C,1)

k

O

P
vu

i

S(O,R)

n

j

C

�#���
Sp(C,1)

k

R

A

P

S(O,R)

O

n

iC

rs

B

�#���

�L����� "¡  : Û¨ä�0�Úmüsà¨Ý·ä�ß Ù¯å��7/vÛ�Ý·ë
á�Ú è�� á�ß�Ú Ù¯å7���vÛ�Ú�ìr8fç@9
HÎä�ß�à�ä�á�Û¹è°Ú)â²çÅé«ç�Ù¨Ú�è°áZè���Þ)Ú�ì%8�ét95HÎä�á�åOÚ)åOÚvÛ�åOÚvß«è°Ý²üsá�êâ²ç�Ý¡Û�Ú?� P ì
ä@O

(X ′
S , Y ′

S , Z ′
S) = R (XS , YS , ZS) .

,1Ú�8¢b�9¹ä�ßRä�é°êà�Ý·Úvß�àa��ç�üsÝ·â·ÚvÞ)Úvß
à%â·ÚÉÛ�ç(��ä�ßÅè°Ú
Γ

rs = R/dO,
8Nf@9

Úvà�â¡Ú¹üsÚmß�à¨Û�Ú
A
è°Ú

Γ
è�ç�ß«Ù=â·ÚÆÛ�ÚvåK�mÛ¨Ú

(C,u,v,n)

A
(
0, 0,

√
1− r2

s

)
.

8Ni@9

s[ß)á°à¨Ý·â·Ý·Ù�ç�ß
à
R> ã�ä�ßiä�é°à�Ý·Úvß�à�â·ÚmÙ�üsä	ä�Û�è°ä�ß�ß�/mÚmÙzè°Ú A

è�ç�ßUÙâ·ÚÉÛ¨ÚmåK�vÛ�ÚÆüvç�ÞJ/mÛ�ç




XA = XO

√
1− r2

s/dO

YA = YO

√
1− r2

s/dO

ZA = ZO

√
1− r2

s/dO.

86"£jA9

s[ß�å�â·á«Ù[è°Ú
A
Úsà

rs

ã�â¡Ú1Ù¨ä�Þ)Þ)Úsà
B
è�á�è���Þ)Ú58�Ü�ä�Ý·Û � Ý·û�á«Û¨Ú

"A8Áét9�9ÎåOÚvá°à�ç�á«Ù¨Ù¨Ýt�Áä�á�Û�ß�Ý¡Û%è°ÚXÙ Ý¡ß��Áä�Û�Þ)ç�à¨Ý·ä�ß«Ù Ü
Ý²Ù¨á�Úvâ·â·ÚmÙ åOä�êà�Úvß
à¨Ý·Úvâ·â¡ÚXÙvì
B
üvä�Û�Û¨ÚXÙ¯åOä�ß«èe�Åâ·çÅå�Û�ä�0�Úmüsà¨Ý·ä�ßZÙ¯å��7/vÛ�Ý·ë
á�Ú�è°áüvÚvß
à¨Û�Ú

O
è°Ú

S(O,R)
ì � ÚXÙ�üvä	ä�Û©è°ä�ß�ß�/vÚXÙ=è°Ú

B
è�ç�ß«Ù%â·Ú¹Û�ÚsêåK�mÛ¨ÚÉümç�ÞB/vÛ©çiÙ¯ä�ß�à�è°ä�ß�ß�/vÚXÙ=å«ç�Û





XB = XO/dO

YB = YO/dO

ZB = ZO/dO.
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�I�N¤ � �1×�Ñ[ï«��ðwÓ��¯Ñ��1� �a�¨�
�1Ö�Õ¯Õ¯Ö�� �
�wÕ�Ö�ñOÓ���Ñ��L¥
���.Öw�

,6ç�ßUÙzüsÚsà¨à¨Ú å«ç�Û¨à¨Ý·Ú[ß�ä�á«Ùwå�Û�/mÙ¨Úvß�à�ä�ß«Ù�â²ç1Þ�çªà¨Û�Ý²üsÚÎè�� Ý·ß�à¨ÚmÛ�ç�ü/êà�Ý·ä�ß2ç�Ù�Ù¨ä°üsÝ#/vÚB��â²ç�üvä�Þ>é�Ý·ß«ç�Ý²Ù¨ä�ß$ä�å°à�Ý¡Þ�ç�â¡Ú"Ù�/mâ¡ÚXü/à�Ý¡ä�ß�ß�/vÚ�ì
k1ç�å�åOÚmâ¡ä�ß«Ù¹à¨ä�á°à)è�� ç�éOä�Û�èRë
á�Ú¾â·çAÞ)ç�à¨Û�Ý·üvÚ¾è�� Ý¡ß
à¨ÚvÛ©ç�üsà¨Ý·ä�ßç�Ù¨Ù¨ä°üvÝY/mÚ���á�ßRÚvß«Ù¨ÚvÞ>é�â·ÚMè�� Ý·ß��Áä�Û�Þ�çªà¨Ý·ä�ß«ÙÉÜ	Ý·Ù¨á�Úmâ¡â·ÚmÙ

f
ÚXÙ�àè�/��«ß�Ý·ÚÉå«ç�Û

ḟ = Lfv
äEO

v=(v,ω)
ÚXÙ�à�â²çiÜ	Ý¡à¨ÚXÙ¨Ù¨ÚÆÝ·ß«Ù¯à�ç�ß�êà©ç�ß�/mÚMè°Ú"â²çoümç�ÞB/vÛ©ç� #"£>1$@`

v

Úvà
ω

Ù¨ä�ß
à¹Û�ÚmÙ¨åOÚmüsà¨Ý·Ü�ÚvÞ)Úvß
àâ·ÚmÙ Ü	Ý±à�ÚmÙ�Ù¯ÚXÙÎè°Ú�à¨Û©ç�ß«Ù¨â²çªà�Ý¡ä�ß�Úsà%è°Ú6Û¨ä�à�ç�à¨Ý·ä�ßMè°Ú�â²ç#üvç�ÞJ/mÛ�ç«ì



m Û�ä�Ý²Ù å«ç�Û�ç�ÞJ�và¨Û�ÚmÙ=Ù¯á�-"Ù¨Úvß
à%åOä�á«Û%ümç�Û©ç�ü/à�/vÛ�Ý·Ù¨ÚvÛ â·çiå�Û�ä�0�Úmüsêà¨Ý·ä�ß$Ù¨å���/vÛ�Ý·ë
á�Ú)è�� á«ß�Ú)Ù¨å����mÛ¨Ú�ì�H_� ÚmÙ¯àÆåOä�á�Û©ë
á�ä�Ýzß�ä�áUÙ6è°ÚvêÜ�ä�ß«Ù"Ù�/vâ·Úmü/à�Ý·ä�ß�ß�ÚmÛ�á«ß�Ú�üvä�Þ>é�Ý·ß«ç�Ý·Ù¨ä�ß,è°Úoà¨Û�ä�Ý²Ù�Ý¡ß��¥ä�Û¨Þ�ç�êà¨Ý·ä�ß«Ù%Ü	Ý·Ù¨á�Úvâ·â·ÚmÙ=å«ç�Û¨Þ)Ý {XA, YA, ZA, XB , YB , ZB , rs}
ì

: ç�Û¨Þ)Ý.à¨ä�á°à¨ÚXÙ�â¡ÚXÙ1üsä�Þ>é�Ý¡ßUç�Ý²Ù¯ä�ß«Ù=åOä
Ù¨Ù¨Ý·é�â¡ÚXÙvã�â²ç"üsä�Þ#é�Ý¡ß«ç�Ý¡êÙ¯ä�ß
s= (XB

rs
, YB

rs
, ZB

rs
)= (XO

R
.YO

R
, ZO

R
)
üvä�Þ)å«ç�Û�/vÚ ç�á�)ç�á°à�Û¨ÚXÙ=ÚmÙ¯à1Ù�/Xè°á�Ý²Ù¨ç�ß�à¨ÚÉå�á�Ý²Ù¨ë
á�Ú¹Ù�çiÞ�çªà¨Û�Ý²üsÚÉè�� Ý·ß�à¨ÚmÛ�ç�ü/à�Ý¡ä�ßÚmÙ¯à�Ù¨Ý¡Þ)å�â·ÚÉÚsà1è�/müvä�á�å«âY/mÚÉç�áÅÞ�ç1)°Ý·Þ>á�Þ¦4

Ls =
[
− 1

RI3 [s]×

]
,

86"(&E9

äEO
[s]×

ÚmÙ¯à=â²ç>Þ�çªà�Û¨Ý²üsÚÆè°á¾å�Û�/vå�Û�ä°è°á«Ý±à Ü�ÚXü/à�ä�Û�Ý¡Úmâ]ç�Ù�Ù¯ä°üvÝY/mÚ
�

s
ì

s�ß�å�â·á«Ù1è°Ú>â·ç�å�Û�ä�å�Û�Ý#/sà�/Éè�Ú>è�/müvä�á�å«â·ç�û�Ú�ã
Ls

å�Û�/mÙ¨Úvß�à�Ú¹â·çÞB*vÞ)Ú¾è��	ß«ç�ÞiÝ²ë
á�Úe8 1
R

9¹Ù¨á�Û#â¡ÚXÙ#üsä�Þ)åOä
Ù¨ç�ß�à¨ÚXÙ¹è°ÚMà¨Û©ç�ß«Ù¯êâ·ç�à¨Ý·ä�ß�Ù¯á$Ù��°Ù¯à��vÞ)Ú�ì : á�Ý²Ù¨ë
á�Ú
R
ÚXÙ�àÉüsä�ß«Ù�à©ç�ß
àmãOÝ·â���çMá�ß�ÚÛ¨Úmâ·ç�à¨Ý·ä�ß�â¡Ý·ß�/Xç�Ý·Û¨Ú>Úmß�à¨Û�Ú#â¡ÚXÙ�Ý¡ß��Áä�Û¨Þ�ç�à¨Ý·ä�ß«Ù1Ü	Ý²Ù¯á«Úvâ·â¡ÚXÙ1ÚsàÆâ¡ÚXÙÜ	Ý±à�ÚmÙ�Ù¯ÚXÙ�è°Ú�à¨Û©ç�ßUÙ¯â²çªà�Ý¡ä�ßÉè°á>Ù��°Ù�à��vÞ)Ú�ì1§�ß¹åOÚvá°àdç�á«Ù�Ù¨Ý�ß�ä�à�ÚvÛë
á�Ú�üsÚvà¯à�ÚÅÞ�ç�à¨Û�Ý·üvÚÅè�� Ý·ß�à¨ÚmÛ�ç�ü/à�Ý¡ä�ßFå�Û�/mÙ¨Úvß
à¨ÚÅâ²ç�å�Û¨ä�å�Û�ÝY/và�/è°Ú%å«ç�Ù¨Ù¨Ý¡Ü	Ý¡à�/%ë
á�Ý«ÚmÙ¯à�Ý¡Þ)åOä�Û¨à�ç�ß�à�Ú=åOä�á�Û[üsä�ß�à¨Û�ä�â·ÚvÛ�üsÚvÛ¨à�ç�Ý¡ßUÙÙ��°Ù¯à��mÞiÚXÙ�Ù¯ä�á«Ù�êÈç�üsà¨Ý·ä�ß�ß7/mÙ[ #"P&($}ì : ä�á�Û�à¨ä�á�à¨ÚmÙ6üsÚXÙ1Û©ç�Ý²Ù¯ä�ß«Ùmãß�ä�á«Ù�å�Û¨ä�åOä�Ù¨ä�ß«Ùdâ·çÉüvä�Þ>é�Ý·ß«ç�Ý²Ù¨ä�ß
s= (XB

rs
, YB

rs
, ZB

rs
)
åOä�á�ÛâN� ç�Ù�Ù¨ÚvÛ�Ü
Ý²Ù�Ù¯ÚvÞ)Úvß
à=Ü
Ý²Ù¨á�Úvâ�è°ÚÉÙ¨å����mÛ¨ÚXÙvì

� Ú¹Ù¨Úvá«â.å«ç�Û�ç�ÞB�sà¨Û�Ú[>E, è�ç�ß«Ù
Ls

ÚXÙ�à1â²ç�üsä�ßUÙ�à©ç�ß�à�Ú
R
ì7s�ßå�Û©çªà¨Ý²ë
á�Ú�ã

R̂
8ÁÜ�ç�â·Úvá�Û`ÚXÙ�à�Ý¡ÞB/mÚ�è°Ú

R
9dÚmÙ¯à�á°à¨Ý·â·Ý·Ù�/vÚ�ìE¨,å«ç�Û¯à�Ý·Ûè°Úiâ2� ç�ß«ç�â#�°Ù¯Ú#è�Ú)Ù�à©ç�é�Ý·â¡Ý¡à�/iç�á�)�ÚvÛ�Û¨Úmá�Û�Ù�è�ÚiÞiä�è�/vâ·Ý·Ù�çªà�Ý¡ä�ß«Ù

8�è°ÚAâ²çRüvÝ¡é�â·ÚP9�å«Û�/XÙ¯Úvß
à�/mÚ�Úvß'Ù¯Úmüsà¨Ý·ä�ß©Z°ãÎá�ß'è°ä�Þ�ç�Ý¡ß�ÚAè�ÚÜªç�â·Ý²è°Ý¡à�/Éè°Ú
R̂
Ù¨ÚvÛ©çiè°ä�ß�ß�/�ì

: ä�á�Û2â2� Ý·ß«Ù¯à�ç�ß
à2ß�ä�á«ÙZÞ)ä�ß
à¨Û�ä�ß«Ù2üsä�Þ)Þ)Úvß
à2Þ)ÚXÙ¯á�Û�ÚvÛ2â·çüsä�Þ>é�Ý¡ß«ç�Ý²Ù¯ä�ß
s
ü+��ä�Ý·Ù¨Ý¡Ú�Úvß_á°à¨Ý·â¡Ý²Ù�ç�ß�à�á�ß­Ù��°Ù¯à��mÞiÚ$üvç�à�ç�êè°Ý·ä�å°à�Û¨Ý²ë
á�ÚÉüsÚvß
à¨Û©ç�â.ë
á�Úvâ²üsä�ß«ë
á�Ú�ì

ª «¬����y�
<
�{?��
��>ÿ z��]� �Åÿ z=­�z���®a~��

q{?��{D�	
��[�	���U
�¯B�	� 
q�%ÿ����U{5y ¯B�	�Iy+°

q�¹ÿ�¯J���

,�ç�ß«ÙAüsÚsà¨à¨ÚRåUç�Û¨à¨Ý·Ú�ã�ß«ä�á«Ù�å�Û�/XÙ¯Úmß�à�ä�ß«Ù�à¨ä�á°à�è�� ç�éOä�Û�è­â·ç
�Áä�Û�Þ)Ú4ç�ß«ç�âY�
à¨Ý²ë
á�Ú4è°Ú4â2� Ý·Þ�ç�û�Ú4è°Ú4â²çEÙ¨å����vÛ�Ú4Ù¨á�ÛJâ·Úå�â²ç�ß�Ý·Þ�ç�û�Ú#è�� á�ß�Ù��	Ù¯à��mÞ)Ú#üvçªà©ç�è°Ý·ä�å�à¨Û�Ý·ë
á�Ú>üvÚvß�à�Û�ç�âzë
á�Úvâ¡êüsä�ß«ë
á�Ú�ì	s�ß«Ù¨á�Ý±à�ÚËß�ä�áUÙ�Þ)ä�ß
à¨Û�ä�ß«Ù'üvä�Þ)Þ)Úvß
à_Þ)ÚmÙ¨á�Û¨ÚmÛ
s = (XB

rs
, YB

rs
, ZB

rs
)
�iå«ç�Û¯à�Ý¡Û�è°Ú¹üsÚsà¨à¨Ú?�Áä�Û�Þ)ÚÉç�ß«ç�âY�
à�Ý·ë
á�Ú�ì

¤L��� ± �=��ðzÓ���Ñ��_ù�Ö$Õ<�C�¯��ðU²�ÖAñ]ðwÓ°ð`ù_��Ñ%�1Ó	ït���=��Ö
ù�Ö+Õ�ð �A�3�a�.ï�Ö

� ä�Ý·Úvß
à
ϕ
Úsà

ξ
â·ÚmÙÆå«ç�Û�ç�ÞJ�và¨Û�ÚmÙ6è�á$Þ)Ý¡Û�ä�Ý·ÛÉè�� á�ß�Ú"üvç�ÞJ/mÛ�çüvç�à�ç�è�Ý¡ä�å°à¨Û�Ý·ë
á�Ú#üvÚvß
à¨Û©ç�â·Ú�ì � � Ý·Þ)ç�û�Úiüvç�à�ç�è�Ý¡ä�å°à¨Û�Ý²ë�á«Ú#è°Úiâ·çÙ¯å7���vÛ�ÚoÚmÙ¯àMá�ß�Ú�Úmâ¡â·Ý·å«Ù¯Ú�ì � çT�¥ä�Û¨Þ�ç�à¨Ý·ä�ß�è°ÚAüsÚvà¯à�Ú�Úvâ·â¡Ý·å«Ù¨ÚåOÚvá°à[*sà�Û¨Ú)è�/müvä�Þ)åOä�Ù�/vÚ#Úvß$è�Úvá�)³/sà�ç�åOÚmÙB8ÁÜ�ä�Ý¡Û � Ý·û�á«Û¨ÚB&@9é«ç�Ù�/vÚXÙ�Ù¯á«Û�â·Ú#Þ)ä°è��mâ¡Ú#á�ß�ÝY�7/)è°ÚD�Áä�Û¨Þ�çªà�Ý¡ä�ßAè�� á�ß�Ú#Ý·Þ�ç�û�Úüvç�à�ç�è�Ý¡ä�å°à¨Û�Ý·ë
á�Ú� #"<R1$§ìt§�ßMÛ©ç�å«åOÚvâ·â¡ÚÆë�á«Ú6åOä�á�Û=á�ß�ÚÉüvç�ÞJ/mÛ�çÞ)ä°è�/vâ·Ý²Ù�/mÚÉå«ç�Û1á�ß�Ú¹å�Û�ä�0�Úmüsà¨Ý·ä�ß�åOÚvÛ©Ù¨åOÚmü/à�Ý¡Ü�Ú>üsâ²ç�Ù�Ù¯Ý²ë
á�Ú�ã�â·ÚÞ)ä°è��vâ·ÚFá°à¨Ý·â¡Ý²Ù�/FÚmÙ¯à$ç�å«å�â¡Ý²üvç�é�â·ÚRÚvßJåOä
Ù¨ç�ß�à�Ù¨Ý¡Þ)å�â·ÚvÞ)Úmß�à

ϕ= 1
Úsà

ξ= 0
ì

� ç=å«Û¨ÚmÞiÝ#�vÛ�ÚG/sà©ç�åOÚ�ÚmÙ¯à.â²ç=å«Û¨ä�0�Úmüsà¨Ý·ä�ßÉÙ¨å���/mÛ¨Ý²ë
á�Ú�è°Ú
S(O,R)è�ç�ß«Ù>â¡ÚMÛ¨Úmåt�mÛ¨Ú�Ü	Ý·Û¨à¨á�ÚmâÎüsÚmß�à¨Û�/"Úvß

V
ìGHÎÚ"Û�/mÙ¯á«â±à©çªà#ç!/sà�/å�Û�/mÙ¯Úmß�à�/iç�áAåOä�Ý¡ß
à5&°ì#"�ì : á�Ý²Ù�ë�á«Ú

S(O,R)
ÚmÙ¯àÆè�/XüsÛ�Ý±àÉè�ç�ß«Ù

Sp(C,1)

RO

B

i

ξ

ϕ − 2ξ

k

i

k

C

V

Z = ϕ − 2ξ

S(O,R)

�L����� &5 ´FÈÞ�ç�û�ÚÆüvç�à�ç�è°Ý¡ä�å°à¨Û�Ý²ë�á«ÚÆè°ÚÆâ²ç)Ù¨å����vÛ�Ú�ì
â·ÚÉÛ¨ÚmåK�vÛ�Ú6Ü	Ý¡Û¨à¨á�Úmâ.üvÚvß�à�Û�/ÆÚmß

V
ã°ä�ßÅä�é°à�Ý¡Úmß�à

Γ=

{
X

V

S

2

+ Y
V

S

2

+ Z
V

S

2

= 1

XOX
V

S + YOY
V

S + ZOZ
V

S =
√

X2

O
+ Y 2

O
+ Z2

O
− R2.µ¢¶l·P¸

: ä�á«Û1â²ç"Ù¨Úmüsä�ß«è°Ú5/sà©ç�åOÚ�ã«â·Ú#üsä�ß�à¨ä�á�Û
Γ
ÚmÙ¯à1Ú<)°å�Û¨Ý·ÞB/>è�ç�ß«Ùâ·Ú=Û�ÚvåK�vÛ�Ú=üvç�ÞB/mÛ�ç1Úvà`å�Û�ä�0�Úsà�/%Ù¨á�Ûdâ·Ú=å�â²ç�ßiÝ¡Þ�ç�û�Ú=üvç�à�ç�è�Ý¡ä�å°êà�Û�Ý·ë
á�Ú�ì

Γ
ÚXÙ�à1è°ä�ßUü6âN� Ý·ß�à¨ÚmÛ�Ù¨Úmüsà¨Ý·ä�ß�è°ÚÉâ·ç)Ù¨å����mÛ¨Ú

XS
2 + YS

2 + (ZS − ξ)
2

= 1
8�"<Rh9

Úvà1è°á�å�â·ç�ß
XOXS + YOYS + ZOZS = KO + ξZO.

86"PZ@9
� ÚmÙ´/më
á«çªà�Ý¡ä�ß«Ù"è°Ú�å�Û¨ä�0�ÚXü/à�Ý¡ä�ß,Ù¨á�Û"â·Ú�å�â·ç�ß,Ý·Þ)ç�û�Ú�üvç�à�ç�êè�Ý¡ä�å°à¨Û�Ý²ë�á«Ú6ß«ÚÉÙ¨ä�ß
à�ç�á°à�Û¨ÚXÙ=ë
á�Ú





xo =
XS

ZS

yo =
YS

ZS

.
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s[ß�Ý¡ß�0�Úmü/à©ç�ß�à�86"P^@9 è�ç�ß«Ù[86"(ZE9Îä�ß�ç
1

ZS

=
XOxo + YOyo + ZO

KO + ξZO

86"(bE9

ÚvàD86"P^@9 è�ç�ßUÙ[86"£RA9 è°ä�ß�ß�Ú

x2
o + y2

o + 1− 2
ξ

ZS

+
ξ2 − 1

Z2
S

= 0.
8�"£fA9

s[ß��«ß.ãWÚmß¹Ý·ß10�Úmüsà�ç�ß�àI86"(bE9.è�ç�ß«Ù�8�"£fA9õä�ß¹ä�é°à¨Ý·Úvß
àzâ2� /Xë�áUçªà¨Ý·ä�ßè�ÚÆâ2� Úvâ·â¡Ý·å«Ù¨Ú
k0x

2
o + k1y

2
o + 2k2xoyo + 2k3xo + 2k4yo + k5 = 0

8�"£iA9

çWÜ�ÚXü




k0 = (KO + ξZO)2 +
(
ξ2

− 1
)

X2

O

k1 = (KO + ξZO)2 +
(
ξ2

− 1
)

Y 2

O

k2 =
(
ξ2

− 1
)

XOYO

k3 = XO

((
ξ2

− 1
)

ZO − ξ (KO + ξZO)
)

k4 = YO

((
ξ2

− 1
)

ZO − ξ (KO + ξZO)
)

k5 = (KO + ξZO)2 +
(
ξ2

− 1
)

Z2

O
− 2ξZO (KO + ξZO) .



¤L�N� ÐÒÖ��	�1ï�Ö+ù�Ö��r���1×�Ñ[ï«�ËðzÓ���Ñ��1���a�¯�	��Ö�Õ¨Õ�Ö��
¹ ç�Ý·ß�à�Úvß«ç�ß�à[ß�ä�áUÙ`Þ)ä�ß�à�Û¨ä�ß«Ù`üvä�Þ)Þ)Úvß
à[ümç�â²üsá�â·ÚvÛ

s
Úmß)á°à�Ý±êâ¡Ý²Ù�ç�ß�à`â·ÚmÙ`Þiä�Þ)Úvß�à©Ù

µ=(xg, yg, n20, n11, n02)
è°Ú=â2� Úvâ·â¡Ý·å«Ù¨Úä�é«Ù¨ÚvÛ�ÜE/vÚÆÙ¨á�Û%â¡ÚÉå�â²ç�ßÅÝ·Þ�ç�û�ÚÆüvç�à�ç�è°Ý¡ä�å°à¨Û�Ý²ë�á«Ú�ì

: ç�Û¯à©ç�ß�à1è°Ú´8Nf@9 ÚvàD86"@"P9/ã�ä�ßÅÛ�ç�å�åOÚvâ·â·Ú6à¨ä�á�à1è�� ç�éOä�Û©èÅë�á«ÚB4
XB

rs
= XO

R

ã YB

rs
= YO

R

Úvà ZB

rs
= ZO

R

ì
s�ß�á°à¨Ý·â·Ý·Ù�ç�ß
àB86"Pi@9sãUâ·ÚmÙ�Þ)ä�ÞiÚmß�à©Ù6è°Ú#â2� Úvâ·â¡Ý·å«Ù¨ÚiÙ¯á�Û6â·Ú#å�â²ç�ßÝ¡Þ�ç�û�Ú"ümçªà�ç�è°Ý·ä�å°à�Û¨Ý²ë
á�Ú�åOÚvá�Ü�Úvß
à�*sà¨Û�Ú"Ú�)°å�Û�Ý¡ÞB/XÙÉÚmß2á°à¨Ý·â·Ý±êÙ¨ç�ß�à%â·ÚmÙ%å«ç�Û©ç�ÞB�và¨Û�ÚmÙq>@,º4





xg = XOH1/H2

yg = YOH1/H2

4n20 =
(
H2 −

(
ξ2 − 1

)
X2

O

)
R2/H2

2

4n11 = −XOYO

(
ξ2 − 1

)
R2/H2

2

4n02 =
(
H2 −

(
ξ2 − 1

)
Y 2

O

)
R2/H2

2

8N&Ej@9

çXÜ�ÚXü { H1 = ZO + ξKO

H2 = H2
1 +

(
ξ2 − 1

)
R2.Ø�å�Û��mÙ%ë
á�Úmâ·ë
á�ÚXÙ%üvç�â·üvá�â²Ùvã°ä�ß¾ä�é°à¨Ý·Úvß
à�Úvß�á°à¨Ý·â¡Ý²Ù�ç�ß�àD82&�jA9





XB

rs
= xg

h2√
h2+(1−ξ2)

YB

rs
= yg

h2√
h2+(1−ξ2)

8N&�"P9

äEO
h2 = 1/f(µ)

çWÜ�Úmü
f(µ) =

4n20y2

g+4n02x2

g−8n11xgyg

x2
g+y2

g

ì
FÈâ>ÚXÙ�à�åUä
Ù¨Ù¨Ý·é�â·ÚRè°ÚFè�/vÞ)ä�ß
à¨Û�ÚvÛAë
á�Ú

f(µ)
ÚXÙ�à$üsä�ß
à¨Ý·ß
á�ÚÞB*vÞ)ÚÆâ·ä�Û�Ù�ë
á�Ú

xg = yg = 0
ç�á«ë
á�Úmâ.üvç�Ù

f(µ) = 4n20
ì

,�ç�ß«Ù�â·ÚJüvç�Ù�è°ÚmÙ�Ù��°Ù�à��vÞ)ÚmÙ�å«ç�Û©ç�ümçªà©ç�è°Ý¡ä�å°à¨Û�Ý·ë
á�ÚmÙM8�äEO
ξ = 1

ãdë
á�Ý=üvä�Û�Û¨ÚXÙ¯åOä�ß«è2ç�áFüvä�á�å«â·ç�û�ÚMè�� á�ßFÞ)Ý·Û¨ä�Ý¡Û#å«ç�Û©çªêéOä�â·Ý·ë
á�ÚÆÚvà1è�� á�ß«Ú¹üvç�ÞB/mÛ�ç#ä�Û¨à��«ä�û�Û©ç�å���Ý²ë�á«ÚP9/ã	ä�ß�ç�4

ZB

rs

=
h2 −

(
X2

B

r2
s

+
Y 2

B

r2
s
− 1
)

2
√

h2

8N&@&E9

ÚsàæåOä�á�ÛËà�ä�á«Ù�â¡ÚXÙ�ç�á�à¨Û�ÚmÙ�Ù��°Ù¯à��vÞ)ÚXÙËümçªà©ç�è°Ý·ä�å°à�Û¨Ý²ë
á�ÚmÙ
8
ξ 6= 1

9

ZB

rs

=

h1 − ξ

√
h2

1 + (1− ξ2)
(

X2

B

r2
s

+
Y 2

B

r2
s
− 1
)

(1− ξ2)

8N&E>@9

äEO
h1 =

√
h2 + (1− ξ2)

ì�§�ß�åOÚmá°à�ß�ä�à¨ÚmÛ�ë
á�Ú�åOä�á�Û)â²çå�Û�ä10�ÚXü/à�Ý¡ä�ß¾åOÚvÛ©Ù¨åOÚmü/à�Ý¡Ü�ÚÉüsâ²ç�Ù�Ù¨Ý·ë
á�Ú�ã	ä�ß�ç)Ù¨Ý·Þiå«â¡ÚmÞiÚmß�à




XB

rs
= xg

h2√
h2+1

YB

rs
= yg

h2√
h2+1

ZB

rs
=
√

h2 + 1.

8N&�RA9

: ä�á�Û üsä�ß«üsâ·á�Û�Ú�ã â·ç üvä�Þ>é�Ý·ß«ç�Ý·Ù¨ä�ß å�Û�ä�åOä
Ù�/mÚ
s = (XB

rs
, YB

rs
, ZB

rs
)
ÚXÙ�àËû@/vß�/vÛ©ç�â·Ú å�á�Ý²Ù�ë�á�� Úmâ¡â·Ú ÚmÙ¯à Þ)ÚvêÙ¯á«Û�ç�é�â¡ÚÉÙ¯á�Û=à�ä�á°à1Ù��°Ù�à��vÞ)ÚÉüvç�à�ç�è�Ý¡ä�å°à¨Û�Ý²ë�á«Ú6üvÚvß
à¨Û©ç�â}ì

» « ÿ�{5yl­�z��¼�	�½z���{[¾V
�y�
l��x
� çiÙ¯à�ç�é�Ý·â¡Ý¡à�/Éè�á�Ù��°Ù¯à��mÞiÚÆÚmÙ¯à�ç�ß«ç�âY�°Ù�/vÚ6Ù�/våUç�Û�/vÞ)Úvß
à?4°á�ß�Úüsä�ß«è°Ý±à�Ý·ä�ß�ß�/müvÚmÙ�Ù¨ç�Ý¡Û�Ú¾Úsà"Ù¨á�-"Ù¨ç�ß�à¨Ú�ÚmÙ¯à�è�ä�ß�ß�/mÚÅåOä�á«Û)â·çÙ�à©ç�é�Ý·â·Ý±à�/"û�â·ä�é«ç�â¡Ú"ç�á�)$ÚmÛ¨Û�Úvá«Û�Ù¹è°Ú"Þ)ä°è�/vâ·Ý²Ù¨ç�à¨Ý·ä�ßZÚsà#åOä�á�Û

s
∗

commande
vc

Ls

s

R

Conversion mètre-pixel :
moments en mètres

Traitement d’image :
moments en pixels

Calcul de la

image courante

de la caméra

Estimation de la
matrice d’interaction courante

Estimation des

Approximation des
paramètres de modélisation

informations visuelles

Paramètres intrinsèques

Acquisition d’image :

(u0, v0, px, py, ϕ, ξ)

µ(xg, yg, n20, n11, n02) µp(xp
g, y

p
g, n

p
20, n

p
11, n

p
02)

�L����� >D  n ä�á«üvâ¡Ú3�ÁÚmÛ¨ÞB/vÚ�ì
â²çiÙ�à©ç�é�Ý·â·Ý±à�/6â¡ä�üvç�â·Ú6ç�á�)"ÚmÛ¨Û�Úvá«Û�Ù è�� /và�ç�â¡ä�ß�ß«ç�û�Ú�Ù¨á�Û%è°ÚmÙ=ümçªêÞB/mÛ�ç�Ù åOÚvÛ©Ù¨åOÚmü/à�Ý¡Ü�ÚXÙvì
HÎä�ß«Ù¨Ý·è�/mÛ¨ä�ß«Ù[â2� ç�Ù�Ù¯ÚmÛ¨Ü	Ý²Ù¨Ù¨ÚvÞ)Úvß�à Ü	Ý·Ù¨á�Úmâõè°ÚÆÙ¨å����mÛ¨ÚXÙ çWÜ�Úmü1â²çüvä�Þ>é�Ý·ß«ç�Ý·Ù¨ä�ß

s
ü+��ä�Ý²Ù¯Ý·Ú�ì � çÆâ·ä�ÝUè°Ú�üsä�ÞiÞ�ç�ß«è°Ú�á°à¨Ý·â¡Ý²Ù�/vÚ�ÚXÙ�à

vc = −λL̂s

+
(s− s∗)

8N&EZ@9
ä@O

vc

ÚmÙ¯à�â²ç6Ü	Ý±à�ÚmÙ�Ù¯Ú�è°Ú%â²çÆüvç�ÞB/vÛ©ç�Úvß	Ü�ä(�E/mÚ=ç�á)üvä�ß�à�Û���â¡Úmá�Û
éUç�Ù¯ê}ß�Ý·Ü�Úmç�áAè°á�Û¨ä�éOä�àmã

λ
ÚXÙ�àÆá�ß�û�ç�Ý¡ßAåOä�Ù¨Ý¡à¨ÝY�[Úsà

L̂s

+ ÚXÙ�àâ²ç�å«Ù¨ÚváUè°ä�ê§Ý¡ß	Ü�ÚvÛ©Ù¯ÚMè�� á�ß�ÚÅç�å«å�Û¨ä()°Ý¡Þ�ç�à¨Ý·ä�ß2è�ÚMâ²ç�Þ�çªà�Û¨Ý²üsÚè=� Ý·ß�à�ÚvÛ©ç�ü/à�Ý·ä�ß�ç�Ù�Ù¯ä°üvÝY/mÚ3�
s
ì

� ç � Ý¡û�á�Û�Ú�>�è�/müvÛ¨Ý¡à�â·ç�éOä�á«üvâ¡Úe�ÁÚvÛ�ÞJ/mÚ$è�Ú�â2� ç�Ù�Ù¯ÚmÛ¨Ü	Ý²Ù¨Ù¨ÚsêÞ)Úmß�à�Ü	Ý²Ù¯á�Úmâfì : ä�á�Û`á�ß�Ù��	Ù¯à��mÞ)Ú=ümçªà©ç�è°Ý·ä�å°à�Û¨Ý²ë
á�Ú=çWÜ�Úmü
ϕ
Úsà

ξ
üsä�ÞiÞ)Ú"å«ç�Û©ç�ÞB�sà�Û¨ÚXÙÆè°á2Þ)Ý·Û¨ä�Ý¡ÛXãõâ²çoüsä�ß
Ü�ÚmÛ�Ù¨Ý¡ä�ß�ÞB�sà�Û¨Úvêå«Ý.)°Úvâ.ÚXÙ�à1è°ä�ß�ß7/vÚÆå«ç�Û[ Y"£R1$�4





xg =
xp

g−u0

px(ϕ−ξ)

yg =
yp

g−v0

py(ϕ−ξ)

n20 =
n

p

20

p2
x(ϕ−ξ)2

n11 =
n

p

11

pxpy(ϕ−ξ)2

n02 =
n

p

02

p2
y(ϕ−ξ)2

8N&�^A9

ä@O
u0
ã
v0
ã
px

ç�ß«è
py

Ù¯ä�ß�à6â·ÚmÙ�å«ç�Û©ç�ÞB�sà�Û¨ÚXÙ�Ý¡ß
à¨Û�Ý¡ßUÙ��Xë�á«ÚmÙè�ÚÅâ²ç$üvç�ÞB/mÛ�çr8ÁåOä�á�Û)Û�ç�å�åOÚvâ=â²ç$üsä�ß��Uû�á�Û©çªà�Ý¡ä�ß
ϕ = 1

Úsà
ξ = 0

üsä�Û¨Û�ÚmÙ¨åOä�ß«èB�¹á�ß�Ú�ümç�ÞB/vÛ©çÆåOÚmÛ�Ù¨åOÚmüsà¨Ý·Ü�Ú1üsâ²ç�Ù�Ù¨Ý·ë
á�Ú(9/ì
,�Ú=â·ç � Ý·û�á�Û�Úq>«ãWÝ¡â°Û�ÚmÙ�Ù¯ä�Û¯à�à�Û¨ä�Ý²ÙzÙ¨ä�á�Û©üsÚmÙwåOä�à¨Úvß
à¨Ý·Úvâ·â¡ÚXÙdè�� ÚvÛ¨êÛ�Úvá«Ûzè�ç�ß«Ùwâ·ç1éOä�á«üvâ¡Ú��ÁÚmÛ¨ÞB/vÚ_4Wâ·ÚmÙwÚvÛ�Û�Úvá�Û©Ù�è°Ú Þiä�è�/vâ·Ý·Ù�çªà�Ý¡ä�ßümç�á«Ù�/vÚXÙzå«ç�Ûdâ2� ç�å�å�Û�äP)°Ý·Þ�çªà�Ý¡ä�ß#è°Ú

R
ãªâ·ÚmÙ`ÚvÛ�Û¨Úmá�Û�Ùdè�� /sà�ç�â¡ä�ß°êßUç�û�Ú¹ç�¿OÚXü/à©ç�ß�à�â·ç"üsä�ß
Ü�ÚmÛ�Ù¨Ý¡ä�ßÅÞB�sà¨Û�Úsê§å�ÝY)°Úvâ�Úsà1â·ÚmÙ1ÚvÛ¨Û�Úvá«Û�Ùè�Ú6à�Û�ç�Ý±à�ÚvÞ)Úvß
à�è�� Ý·Þ)ç�û�ÚXÙvì

ÀQ��� Á Ó°ð î �¨Õ��ÈÓ	�æð`�IÂ Ö.ï�ï«Ö���ï«� ù�Ö;��Ñ%ù���Õ��¯�
ð�¥
Ó���Ñ��

s[ßiÙ¨á�å�åOä
Ù¨ç�ß�à`ë�á«Ú ß�ä�á«Ùzß�Ú%Ù¯ä�ÞiÞ)ÚXÙwå«ç�ÙwÚmß#å�Û�/mÙ¨Úvß«üvÚ è°ÚmÙè�Úvá�)�è�ÚvÛ�ß�Ý¡ÚmÛ�Ù�à6�	åOÚmÙ6è�� ÚmÛ¨Û�Úvá«Û�Ùmã«â2� /Xë�áUçªà¨Ý·ä�ßAè°Ú#â²ç"éOä�á«üsâ·Ú
�ÁÚmÛ¨ÞB/mÚÆåOÚvá°àQ*sà¨Û�Ú?/müvÛ¨Ý¡à¨ÚÉüvä�Þ)Þ)ÚB4

ṡ = −λLsL̂s

+
(s− s∗)

8N&@bE9
çWÜ�ÚXü�ã°ÚvßÅá�à¨Ý·â¡Ý²Ù�ç�ß�àD8�"P&E9

L̂s

+
=


 −

R̂r2

s

r2
s+R̂2

(
R̂2ss> + I3

)

− R̂2r2

s

r2
s+R̂2

[s]×


 .



S ß�Ú�üvä�ß«è�Ý±à�Ý¡ä�ß)Ù¯á�-�Ù�ç�ß
à¨Ú=åOä�á�Û`â²çÆÙ¯à�ç�é«Ý¡â¡à�/�ç�Ù��	Þ)å°à¨ä�à¨Ý²ë�á«Ú
û�â·ä�é«ç�â¡Ú`ç�á�)6ÚvÛ�Û¨Úvá«Û�Ùõè°Ú�Þ)ä°è�/mâ¡Ý²Ù¨ç�à¨Ý·ä�ßÆÚmÙ�à

LsL̂s

+
> 0

ì � ÚXÙ
Üªç�â·Úvá«Û�Ù�å�Û�ä�å�Û�ÚmÙ6è°Ú

LsL̂s

+
> 0

åOÚmá�Ü�Úvß
à?*và¨Û�Úiümç�â²üsá�â#/vÚXÙvì
s�â·â¡ÚXÙMÙ¯ä�ß�à¾è°ä�ß�ß7/vÚmÙ"å«ç�Û

R̂
R

Úsà R̂(r2

s+RR̂)
R(r2

s+R̂2)

8�ë
á�Ý1ÚXÙ�àMá�ß�Ú
Üªç�â·Úvá«Û=å�Û�ä�å�Û�ÚÆè°ä�á�é�â·ÚP9/ì«Ø1Ý¡ßUÙ¯Ý}ã�ä�ß�ç�4

LsL̂s

+
> 0 ⇐⇒ R̂(r2

s+RR̂)
R(r2

s+R̂2)
> 0

Úsà
R̂
R

> 0

⇐⇒ R̂ > 0.
HÎÚsà¨à¨Ú�üsä�ß«è°Ý¡à¨Ý·ä�ß�ÚmÙ¯àd/vû�ç�â¡ÚmÞ)Úvß�à2ß�/XüsÚXÙ¨Ù�ç�Ý·Û¨Ú�ì?s�ßæÚ�¿]ÚsàXã
â¡ä�Û�Ù�ë
á�Ú

R̂ ≤ 0
ãwä�ßRç

LsL̂s

+ ≤ 0
ãzè°ä�ß«ü�â·ÚMÙ��°Ù�à��vÞ)ÚMè°Ý±êÜ�ÚvÛ�û�Ú�ì � ÚÅè°ä�Þ�ç�Ý¡ß�Ú¾è�ÚMÛ�ä�é«á«Ù�à�ÚmÙ�Ù¯ÚMç�á�)ZÚmÛ¨Û�Úvá«Û�Ù>è°Ú¾Þ)ä�êè�/vâ·Ý²Ù¨ç�à¨Ý·ä�ß$ÚmÙ�à>è°ä�ß«üiÚ�)	à�Û�*mÞiÚmÞ)Úvß�à¹â²ç�Û�û�Ú�4

R̂ ∈ ]0,+∞[
ì

,D� á�ß�åOä�Ý·ß�à)è°Ú¾Ü	á�Ú¾å�Û©çªà�Ý²ë�á«Ú�ãwá�ß«Ú¾ÚmÙ¯à¨Ý·Þ�çªà¨Ý·ä�ß2à¨Û��mÙiç�å°êå�Û�äP)°Ý·Þ)ç�à¨Ý·Ü�ÚÆè°Ú
R
ÚXÙ�à1è°ä�ß«üÉÙ¯á�-"Ù�ç�ß
à¨Ú�ì

Àa�N� Á Ó°ð î �¯Õ��ÈÓ°�'ðd�aÂ;Ö�ï�ï�Ö��1ï«�RùD�Á�õÓ°ð`Õ�Ñ��Q��ðU²�Ö
s�ßZüsä�ß«Ù¯Ý²è�/mÛ�ç�ß�à6á�ß�Ý²ë
á�ÚvÞ)Úmß�à¹è°ÚXÙ6ÚmÛ¨Û�Úvá�Û©Ù6è�� /và�ç�â¡ä�ß�ß«ç�û�Ú�ã
8N&Ab�9 è°ÚmÜ
Ý·Úvß
à

ė = −λLsL̂s

+
E(s)e

8N&Ef@9
çXÜ�ÚXü

e = s− s∗
ã
E
à¨Úmâ�ë
á�Ú

ŝ = E(s)s
Úvà

L̂s

+
=


 −

Rr̂s

2

r̂s

2

+R2

(
R2ŝŝ> + I3

)

− R2r̂s

2

r̂s

2

+R2
[ŝ]×


 .

� ç>ß�ä�ß°ê}â·Ý·ß�/mç�Û¨Ý¡à�/�è�ÚJ82&�fA9�Û¨Úmß«èMüsä�Þiå«â¡Ú<)	Ú�â2� ç�ß«ç�âY�°Ù¨Ú�è°Ú6â·çÙ�à©ç�é�Ý·â·Ý±à�/#û�â·ä�é«ç�â¡Ú#ç�á�)oÚvÛ�Û�Úvá�Û©Ù1è�� /sà©ç�â·ä�ß�ß«ç�û�Ú�ìÃHÎÚvà¯à¨Ú)ç�ß«ç�êâY�°Ù¨ÚÆåOÚmá°àa*và¨Û�ÚÉÙ¨Ý¡Þ)å�â·ÝY�7/vÚÉÚmßoüsä�ßUÙ¯Ý²è�/vÛ©ç�ß
à=â²ç�Ù�à©ç�é�Ý·â¡Ý¡à�/Éâ·ä�êüvç�â¡Ú?8�ü�� ÚmÙ¯à¯ê\�ªêÈè°Ý·Û¨ÚÎåOä�á�Û
s = s∗

9wüvÚ=ë�á«Ý	åOÚvÛ�Þ)Úsà`è°Ú â·Ý·ß�/mç�Û¨Ý¡êÙ¯ÚmÛ
E
Úmß

s∗
ì � Ú%à¨ÚmÛ¨Þ)Ú

E
åOÚvá°à�*sà�Û¨Ú%â·Ý·ß�/mç�Û�Ý²Ù�/%Úvß)á�à¨Ý·â¡Ý²Ù�ç�ß�àâ·ç�è�/mÛ¨Ý·ÜE/vÚ"à�ÚvÞ)åOä�Û�Úvâ·â·Ú¾è°Ú
s
ìUs�ß�Ú�¿]ÚsàXãdå«ç�Û¨à�ç�ß�àiè�Ú�8N&�RA9

8�üE� ÚXÙ�à¨ê¢��ê§è°Ý·Û�Úoë
á�Ú�â2� ä�ß�üvä�ß«Ù¨Ý·è��mÛ¨ÚoÝ²üsÝ�á�ß�ÚAümç�ÞB/vÛ©ç$åOÚvÛ©Ù¯êåOÚmü/à�Ý·Ü�ÚP9/ã�ä�ßÅä�é°à�Ý¡Úmß�à1ç�å«Û��XÙ=ë
á�Úvâ²ë
á�ÚmÙ%è�/vÜ�Úvâ·ä�å«åOÚvÞ)Úvß�à©Ù




˙(
XB

rs

)
= − u̇0(p2

x+p2

y)
px(p2

x+p2
y+4n

p∗

20
+4n

p∗

02)
ZB

rs

˙(
YB

rs

)
= − v̇0(p2
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
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∆u0 = û0 − u0
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+
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γi

è°Ú
Ls∗L̂s∗

+
E∗ åOÚvá�Ü�Úmß�àq*sà�Û¨Ú1ä�é°êà�Úvß	á�ÚmÙÎç�å�Û��XÙ�è°ÚXÙ[ümç�â²üsá�â²Ù[üsä�Þ)å�â¡Ú<)°ÚmÙmì�s[â¡â·ÚmÙÎÙ¨ä�ß
àÎè°ä�ß�ß�/vÚXÙåUç�Û


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
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s

2
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s
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+R2

γ2 = a + b
1
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γ3 = a− b
1

2
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Úvà
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Ù¨ä�ß
à#è°ÚXÙ¹Üªç�â¡Úmá�Û©ÙÉÛ�/mÚvâ·â¡ÚXÙ¹ë
á�Ý Ù¯ä�ß�à¹à�Û¨ä�å2üvä�Þiêå«â¡Ú<)	ÚXÙÎåUä�á�Û�*và¨Û�ÚQ/XüsÛ�Ý±à�ÚmÙÎÝ·üvÝfì�¨'å«ç�Û¯à�Ý¡Û è°ÚB8C>EjA9`Ý·âOÚXÙ�à åOä
Ù�êÙ¨Ý·é�â·Ú�è°Ú)Þ)ä�ß
à¨Û�ÚvÛÉë
á=� á�ß�Ú"üsä�ß«è�Ý±à�Ý¡ä�ß$Ù¨á�-"Ù¨ç�ß�à�ÚiåOä�á�ÛÉç�Ù�êÙ¨á�Û�ÚvÛ

Re(γi) > 0
ÚmÙ¯à

∆px > −px

Úsà
∆py > −py

`°üE� ÚXÙ�à¨ê
��ê§è�Ý¡Û�Ú

p̂x > 0
Úvà

p̂y > 0
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Å Æ¬xIz���y+��{?��zÇ�qÈ��exL�U
<~��%ÿ���{5�]È
� ÚmÙ>Ú<)	åK/mÛ¨Ý·Þ)Úvß
à�çªà�Ý¡ä�ß«Ù¹ä�ß�à�/và�/¾Ú�¿]Úmü/à�á�/vÚXÙ#çWÜ�Úmü"á�ß�Ú¾ümçªêÞB/mÛ�ç»åOÚvÛ©Ù¯åOÚXü/à¨Ý·Ü�Ú2üsä�ß	Ü�Úvß
à¨Ý·ä�ß�ß�Úmâ¡â·ÚZÚvÞ>é«ç�Û�ë
á�/mÚZÙ¨á�Ûoá�ßÙ��°Ù¯à��vÞ)Ú�Û�ä�éOä�à¨Ý²ë
á�Ú��oÙ¨ÝY)$è�è�â·Ùmì�o�ä�á«ÙÉÛ©ç�å«åOÚvâ·ä�ß«Ù¹ë�á«Ú"üvÚà6�	åOÚ�è°Ú6üvç�ÞJ/mÛ�çÉÚmÙ¯àÎá�ß"à\�	åOÚ6è°Ú�Ù��	Ù¯à��mÞ)Ú1ümçªà©ç�è°Ý·ä�å°à�Û¨Ý²ë
á�ÚçWÜ�ÚXü

ξ= 0
Úsà

ϕ= 1
üvä�Þ)Þ)ÚÉå«ç�Û©ç�ÞB�sà�Û�ÚmÙ=è°áoÞ)Ý¡Û�ä�Ý·ÛXìtHÎÚmÙÚ<)°åK/vÛ�Ý¡Þ)Úvß
à�ç�à¨Ý·ä�ß«ÙÎüvä�ß«Ù¨Ý·Ù¯à¨Úmß�à ÚvßMá�ß�Ú�à�É�ü���Ú6è°Ú6üvÚvß�à�Û�ç�û�Ú�ì

� çZüvÝ¡é�â·ÚoÚXÙ�à"á�ß«Úoé«ç�â·â·Úoè�Úoå�Ý·ß�û�ê§åOä�ß�û2è°ÚoÛ©çP��ä�ß
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ì
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s∗
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äEO

τ∗ åOÚvÛ�ÞiÚvà#è°Ú´��)°ÚvÛâ²çAå�Û�ä��Áä�ß«è°Úvá«Û#Úmß�à¨Û�Ú¾â²ç�üvç�ÞB/vÛ©ç�Úsà)â·ç�é«ç�â·â¡Ú�ì � ç � Ý·û�á«Û¨Ú
R$Þ)ä�ß�à�Û¨ÚÅâ¡ÚXÙiÝ¡Þ�ç�û�ÚmÙiè�/XÙ¯Ý·Û�/mÚ¾Úsà)Ý·ß�Ý¡à¨Ý²ç�â·ÚÅá°à¨Ý·â·Ý·Ù�/vÚXÙiåUä�á�Ûü+�«ç�ë�á«Ú#Ú�)°åK/vÛ�Ý¡Þ)Úmß�à�ç�à¨Ý·ä�ß�ì � Ú#ÞB*mÞiÚ)û�ç�Ý·ß

λ = 0.5
ç]/và�/á�à¨Ý·â¡Ý²Ù�/�ì
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: ä�á«ÛMÜªç�â¡Ý²è°ÚvÛMâ¡ÚXÙ"Ý·ß��Áä�Û�Þ�çªà�Ý¡ä�ß«Ù�Ü	Ý²Ù¯á«Úvâ·â¡ÚXÙMÙ�/mâ¡ÚXü/à¨Ý·ä�ß«ß�/vÚXÙvãß«ä�á«Ù�üvä�ß«Ù¨Ý·è�/vÛ�ä�ß«Ù%à¨ä�á�à6è�� ç�éOä�Û�è�â·Ú#ümç�Ù�Ý²è�/Xç�âwä@O

R̂ = R
ì

s[ß$Ú�¿]ÚsàXã.â¡ä�Û�Ù�ë
á�Ú
R̂ = R

ä�ß$çÅá�ßZüsä�ÞiåOä�Û¯à�ÚvÞ)Úvß
àÆÝ·è�/mç�â
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ì�8�ét9 ú Ý¡à¨ÚmÙ�Ù¨ÚmÙ>è°Ú"â·ç�üvç�êÞB/vÛ©ç]8ÁÞ]XªÙÎÚvà=è°û�XªÙ+9/ìÃ8�ü£9 m Û�ç10�ÚXü/à�ä�Ý·Û¨Ú�è°Ú�â²ç>ümç�ÞB/vÛ©ç¹è�ç�ß«ÙâN� ÚmÙ¨å«ç�üsÚÉüvç�Û¨à�/XÙ¯Ý·Úvß.ì

è°áiÙ��	Ù¯à��mÞ)ÚÎå�á�Ý²Ù�ë�á«Ú
LsL̂s

+
=I3

ìEHÎä�Þ)ÞiÚ å�Û�/vÜ	á.ãWá�ß�Ú=è�/vêüsÛ�ä�Ý²Ù¨Ù�ç�ß«üvÚ6Ú<)°åOä�ß�Úmß�à¨Ý·Úvâ·â·ÚÉå�á«Û¨Ú>è°Ú¹â2� ÚvÛ�Û¨Úvá«Û�Ù¨á�Û1â¡ÚXÙ�Ý¡ß��Áä�Û¯êÞ�çªà¨Ý·ä�ßUÙwÜ	Ý²Ù¯á�Úmâ¡â·ÚmÙzåOÚvá°àG*sà�Û¨Ú ä�éUÙ¯ÚmÛ¨ÜE/mÚÎÙ¯á«Ûzâ²ç � Ý·û�á�Û�ÚLZ78�ç@9sì
� ÚmÙÉÜ	Ý±à�ÚmÙ�Ù¯ÚXÙÉè°Ú�â²ç�üvç�ÞJ/mÛ�çÅÙ¨ä�ß
à¹ë
á«ç�ß�àD�ÅÚvâ·â·ÚmÙ¹ç1-"ü���/mÚmÙÙ¯á«ÛÉâ·ç � Ý·û�á�Û�Ú´Z�8�ét9/ì=s�ß��«ß.ã�â·çÅà¨Û©ç(0�ÚXü/à�ä�Ý·Û¨Ú)è�Ú)â²ç�üvç�ÞJ/mÛ�çè�ç�ß«ÙMâN� ÚmÙ¨å«ç�üvÚ�ümç�Û¨à�/XÙ¯Ý·Úvß,ÚXÙ�àXãÎüvä�Þ)Þ)Ú�å�Û�/vÜ	á.ã[á�ß«Ú�â·Ý·û�ß�Úè°Û�ä�Ý¡à¨ÚÆå�á�Û�Ú�8ÁÜ�ä�Ý¡Û � Ý·û�á�Û�Ú[Z78�üP9�9/ì
ÊL�N� Í ï�ï�Ö��1ï«�Rù�Ö+��Ñ%ù���Õ��¯�
ðzÓ���Ñ��
� ç#Ù�à©ç�é�Ý·â·Ý±à�/6ç�á�)�ÚvÛ�Û¨Úmá�Û©Ù[è°Ú6Þ)ä°è�/vâ·Ý²Ù¨ç�à¨Ý·ä�ßMçD/sà�/�å�Û�ä�á�Ü@/vÚè�ç�ß«Ù¹üsÚvà>ç�Û¨à¨Ý²üsâ·Ú�ì�HÎÚsà¯à�Ú�å�Û�Úvá«Ü�Ú�ç�/và�/�Üªç�â¡Ý²è�/mÚ)å«ç�Û¹è�Úvá�)Ú�)°åK/vÛ�Ý·ÞiÚmß�à�ç�à¨Ý·ä�ßUÙvì � ÚXÙ�Û�/mÙ¨á�â¡à�çªà©Ù1è�ç�ßUÙ�â·ÚmÙ�üvç�Ù

R̂ = 10RÚsà
R̂ = 0.1R

Ù¨ä�ß
à�å�Û�/mÙ¨Úvß�à�/mÙ%Û�ÚmÙ¨åOÚmüsà¨Ý·Ü�ÚvÞ)Úvß
à1Ù¨á�Û�â·ÚmÙ � Ý±êû�á�Û�ÚmÙ_^"Úsà5b	ì=§�ß�åOÚvá°àÆß�ä�à�ÚvÛ6ë
á�Ú#è«ç�ß«Ù1â·ÚmÙ6è°Úmá�)�üvç�ÙvãUâ·ÚÙ��°Ù¯à��mÞiÚÉüvä�ß
Ü�ÚvÛ¨û�Ú�Úmß«üsä�Û¨Ú�ì
� ç � Ý·û�á�Û¨ÚQ^78�ét9dÞ)ä�ß�à¨Û�Ú�á�ß�Ú1û�Û©ç�ß«è°Ú%Ü	Ý±à�ÚmÙ�Ù¯Ú1Ù¨á�Û[â¡ÚXÙ[üsä�Þ#êåOä�Ù�ç�ß�à�ÚmÙÆÚmß�à�Û�ç�ß«Ù¨â·ç�à¨Ý·ä�ß$è°á2Ù��°Ù�à��vÞ)Úià©ç�ß«è�Ý·Ù¹ë
á�Ú�â²ç � Ý¡êû�á�Û�Úqb�8�ét9õÞ)ä�ß
à¨Û�Ú�á�ß«Ú%��ç�Ý·é�â·Ú[Ü
Ý¡à�ÚmÙ�Ù¯Ú[Ù¨á�ÛzüsÚmÙ�ÞB*vÞ)ÚXÙwüsä�Þ#ê
åOä�Ù�ç�ß�à�ÚmÙzè°á#Ù��°Ù�à��vÞ)Ú�ìPs[ß#Ú�¿OÚvàmãªå«ç�Û¨à�ç�ß�àdè°Ú382&EZE9�8�äEO

L̂s

+ÚmÙ¯à�è�/<�«ß�Ý·Ú¹è�ç�ß«Ù58N&@bE9�9sã°ä�ßÅä�é°à�Ý¡Úmß�à1ç�Ý²Ù�/vÞ)Úvß�à




v = λ
R̂r2

s

r2
s+R̂2

(
R̂2ss> + I3

)
(s− s∗)

ω = λ
R̂2r2

s

r2
s+R̂2

[s]×(s− s∗).
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Ý¡à¨ÚXÙ¨Ù¨Ú�è°Ú)â²ç�ümç�ÞB/vÛ©ç�ì
� ä�Û�Ù�ë
á�Ú

R̂
à¨Úmß«èÅÜ�ÚvÛ©Ù

+∞ ã�8N>�"(9[à¨ÚvßUè¾Ü�ÚvÛ©Ù
{

v =∞
ω = λr2
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üvÚ)ë
á�Ý`Ú�)°å�â·Ý²ë�á«Úiâ²çÅüsä�ß	Ü�ÚvÛ�û�Úmß«üsÚ>Û©ç�å«Ý·è°Úiä�é«Ù¯ÚmÛ¨ÜE/mÚ#Ù¨á�ÛÆâ²ç
� Ý·û�á�Û�Ú�^T8NZEjÅÝ±à�/vÛ©çªà�Ý¡ä�ß«Ù�9�â·ä�Û©Ù¨ë
á�Ú

R̂ = 10R
ì � ä�Û�Ù�ë
á�Ú

R̂à�Úvß«è�Ü�ÚvÛ©Ù
0
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Úsà
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ë
á�Ýzà�Úvß«è�Úvß�àÜ�ÚvÛ©Ù
0
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á�Ú%â²çÉüvä�ß	Ü�ÚvÛ�û�ÚvßUüsÚ=â¡Úmß�à¨Ú1ä�é«Ù¨ÚvÛ�ÜE/vÚ%Ù¨á�Ûâ²ç � Ý¡û�á�Û¨Ú?bB82Z�j@jÆÝ¡à�/mÛ�ç�à¨Ý·ä�ß«Ù+9dâ·ä�Û©Ù¨ë
á�Ú

R̂ = 0.1R
ì@s�ßMå�Û©çªêà�Ý²ë�á«Ú�ã
â¡Ú�üvä�Þ)åOä�Û¨à¨ÚmÞ)Úvß�à è°áMÙ��°Ù�à��vÞ)Ú1åOÚvá°àq*sà�Û¨Ú�ç�ÞJ/mâ¡Ý·ä�Û�/ÚmßRá°à¨Ý·â¡Ý²Ù�ç�ß�àiá�ßRû�ç�Ý¡ß
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ÊI�N¤ Í ï�ï�Ö��1ï«�Rù5�Á�õÓ°ð`Õ¯Ñ��Q�1ð�²[Ö
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ì � ÚmÙMÛ�/sêÙ¨á�â¡à�ç�à�Ù6ä�é°à�Úvß	á«ÙÆÙ¯ä�ß�àÉè°ä�ß«ß�/mÙÆÙ¯á�ÛÆâ²ç � Ý¡û�á�Û�ÚJf�ì S ß�ÚJ�¥ä�Ý²Ùè�Ú)å�â·á«Ùvã.â¡Ú"Ù��°Ù¯à��vÞ)Ú�üsä�ß	Ü�ÚvÛ�û�Ú�8�ÞJ*mÞ)Ú�Ù¨Ý�Ù¨Úvá�â·Úiâ²ç�Ù�à©ç�é�Ý¡êâ·Ý¡à�/6â¡ä°ümç�â·Ú�ç5/sà�/6üsä�ß«Ù¨Ý·è�/mÛ�/mÚP9sì � ç#è�/müsÛ�ä�Ý²Ù�Ù¨ç�ß«üsÚ�Û©ç�å�Ý²è°Ú�è°Úâ2� ÚvÛ�Û¨Úmá�ÛÉÙ¨á�Û YB

rs

üsä�ÞiåUç�Û�/vÚ)ç�á�)$ç�á°à�Û¨ÚXÙÆÚvÛ�Û¨Úmá�Û�Ù6ÚmÙ¯à>Ù¯Ý·Þiêå«â¡ÚmÞiÚmß�à=è°á�Ú_�¹â·ç¹û�Û©ç�ß«è°Ú�Þ�ç�Û�û�Ú�è�� ÚvÛ�Û�Úvá�Û[Ý¡ß
à¨Û�ä°è°á�Ý¡à¨Ú�Ù¨á�Û
py
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