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[�(B �!#4t!�/1=�;�(+&g4kj *.!�wv/�(+=� �'H*,/�!#"QDF*,"H0�&�-,-,&�"]df93/1*.!C'B"�h�4�(+/�*.'H&�"�h

")&�[�=�&�!C'B"�h�$�&�(B$�-,&�"�h�"H9�}�<�(H&?"�h \ 0# 14�(+* \ 0�&?"�h?4�*,")'+ �!#$�&?"�h�&�'B$�OympO
�l&�9�-,0#"74�*Uz{6�(+&�!C'H&?"g*,!�wv/�(+=� �'+*./1!#"gDF*5")0�&�-.-,&�"]93&�0�D�&�!C'7§�'+(H&
$�/1=�;�*,!�6�&?"�&�!C'H(+&:&�-,-,&�"� �0Z"H&�*,!�4�0Z=�§�=�&`9�(+/F$�&�"+")03"�4�&
$� �-,$�0�-x4�&a9�/1"H&�O
�i/10#"%(B �9�9�&�-,/�!#"i*,$�*Q-,&�"%=� �'+(H*5$�&?"i4kj *.!C'+&�(B �$p'+*./1!`(H&�-, �'H*,D�&�"
 �0�8`'+(H/1*,"l9�(H*,=�*U'+*.D1&�"�[�6�/�=�6�'+(H* \ 0�&�"Tdv-,&�9�/�*,!1'?h{-, K4�(H/1*U'+&�h
&�'i-,&a$�&�(B$�-,&?m \ 0�&a!�/10#"20�'+*.-,*,"H&�(+/�!3"%4� �!#"%$�&�'i �(H'H*5$�-,&�O
Â]ÃuÄ�Å#ÆKÇ�ÈWÉ7Ê3Ë�Ì{Í�ÎÏs7/�!#"H*54�6�(+/�!#"

M = (X, Y, Z)T -,&�"
$�/F/�(B4�/1!�!�6�&?"x4kj 0�!_9�/�*,!C'�4� �!#"Q-,&](+&�9�<�(+&]4�&7-, l$� �=�6�(+ #O�PQ 
9�(+/�no&�$�'H*,/�!J93&�(+"H9�&�$p'+*.D1&�4�&_$�&_93/1*.!C'�4# �!#"%-,&a9�-5 �!S*,=� �[�&
&�")'i4�/�!�!#6�&a9# �(

m = (x, y)T  �D�&?$�I
{

x = X / Z
y = Y / Z

d���m

PQ Z=� �'H(+*,$�&|4xj *,!C'H&�(B �$�'H*,/�!
Lpm

\ 0�*t-,*.&|-,&V=�/�0#D�&�=�&�!1'
ṗm = (ẋ, ẏ)

4kj 0�!L9�/�*,!C'
pm = (x, y)

4� �!#"l-�j *,=� �[�&�^b-, 
DF*U'+&�"+")&

Tc

4�&
-5 �$� �=>6�(+ >&?"o'%;�*,&�!S$�/1!�!F0�&��.���?���.�1�p�]I

Lpm
=

(
− 1

Z 0 x
Z xy −(1 + x2) y

0 − 1
Z

y
Z 1 + y2 −xy −x

)

d��1m
�g(+6�$�*5"H/�!#" \ 0�&T")*�-�j /�!S0�'+*.-,*5")& \ 0#&�4�&�"l93/1*.!C'B"�h3-�j  �"+")&�(HDF*5"oA
")&�=�&�!C'>DF*5")0#&�-2DF*.(H'H0�&�-2&�")'T'+(H<?">"H*,=>*,-5 �*,(H&J^�-5 �=�6�'H}�/�4�&
9�(+/�9�/1"H6�&
9# �(iPQ/��7&>�.�?����O
Ð Å�Æ�Ç7Ñ.È�Ì�Ã�ÇQÒ�Ê�ËvÍ?Ã3ÎÓ�l!�&:4�(+/�*.'H&�&?"o'T4�6�¡#!�*,&b9# �(_-�j *,!�A
'H&�(+"H&�$�'H*,/�!`4�&a4�&�0�8J9�-5 �!#"tI

{
A1X + B1Y + C1Z = 0
A2X + B2Y + C2Z + D2 = 0

d��1m

Pgj 6 \ 0# �'H*,/�!�4�&@-5 l9�(+/�no&?$p'+*./1!�4�&2$�&�'H'H&24�(+/�*.'H&24� �!#"�-,&79�-5 �!
*.=� �[�&t&�")'i4�/�!�!#6�&t9# �(aI

x cos θ + y sin θ − ρ = 0.
d)���1m

Ô´-2&�")'� �-./1(+"T9�/1"+")*,;�-,&J4�&S$� �-5$�0�-,&�(>-, V=� �'+(H*5$�&`4kj *.!C'H&�(+ 1$pA
'H*,/�!�(+&�-5 �'H*,D�&2 �0�8T9# �(+ �=><�'H(+&�"

pm = (θ, ρ)
4�6�¡#!�*5"+"H �!1'g-5 

4�(+/�*.'H&�O��]-.-,&a&�")'l4�/�!#!�6�&t9# �(a�.�1�p��I

Lθ =
[

λθ cos θ λθ sin θ −λθρ ρ cos θ −ρ sin θ −1
]

Lρ =
[

λρ cos θ λρ sin θ −λρρ
(1 + ρ2) sin θ −(1 + ρ2) cos θ 0

]

d)���?m
/�µ

λθ = (A2 sin θ − B2 cos θ)/D2
&�'

λρ = (A2ρ cos θ +
B2ρ sin θ + C2)/D2

O
Ð Å�Æ�Ç7Ñ.È�ÌÕÄ1Ã1Ò�Ä1ÖfÃ�Î×�i!E$�&�(B$�-,&b&�")'T4�6�¡#!�*7$�/�=�=�&b-�j *,!�A
'H&�(+"H&�$�'H*,/�!:4kj 0�!�&t"H9�}�<�(+&l&�'24xj 0�!K9�-5 �!xO�¢F/1!b6 \ 0# �'H*,/�!b&?"o'
4�/�!3$
4�/�!�!�6t9# �(aI
{

(X − X0)
2 + (Y − Y0)

2 + (Z − Z0)
2 − R2 = 0

A(X − X0) + B(Y − Y0) + C(Z − Z0) = 0 d)�?q�m
¢� Ø9�(H/�no&�$�'H*,/�!Ù4# �!#"Ú-,&Û9�-, �!Ü*,=� �[�&Ý&�")'Ó0�!�&Û&�-.A
-.*,9#"H&²4�/1!1'Þ-�j 0�!�&�4�&�"¼9# �(+ �=>6�'H(+*,"+ �'+*./1!#"N&�")'

pm =
(xc, yc, µ02, µ20, µ11)

O
xc, yc

(H&�9�(+6�"H&�!C'H&@-.&i$�&�!C'H(+&%4�&2-�j &�-.A
-.*,9#"H&N&�'

µ02, µ20
&�'

µ11
"H/�!C'M")&?"R=�/�=�&�!C'+"R$�&�!C'H(+6�"

4kj /�(B4�(H&bq�OxPQ `=� �'+(H*5$�&�4kj *.!C'+&�(B �$p'+*./1!u(H&�-, �'H*,D�&�^S$�&�"_9# �A
(+ �=�<�'H(+&�"@&?"o'i4�/1!�!�6�&a93 �(%-�j 6 \ 03 �'H*,/�!udo�?c1m��,���p��O



Lpm
=






−1/Zc 0 xc/Zc + Aµ20 + Bµ11 xcyc + µ11 −1− x2

c − µ02 yc

0 −1/Zc yc/Zc + Aµ11 + Bµ02 1 + y2

c + µ02 −xcyc − µ11 −xc

−2(Aµ20 + Bµ11) 0 2[(1/Zc + Axc)µ20 + Bxcµ11] 2(ycµ20 + xcµ11) −4µ02xc 2µ11

0 −2(Aµ11 + Bµ02) 2[(1/Zc + Byc)µ02 + Aycµ11] 4ycµ02 −2(ycµ11 + xcµ02 −2µ11

−Aµ11 − Bµ02 −Aµ20Bµ11 Aycµ20 + (3/Zc − C)µ11 + Bxcµ02 3ycµ11 + xcµ02 −ycµ20 − 3xcµ11 µ02 − µ20






ß5à)áHâ

ã ACBEDGWGXLZ{B[S_WGOV\]K�S²äYå�å

¿2«)¬ ­ �#®H¯l�k®o°a±
Ô´-�&?"o'
93/C"H"H*,;�-.&1h3&�!�0�'+*.-,*5"H �!1'
-, :=�§�=�&> �9�9�(+/�$B}�&�4�&>(H6? �A
-.*5")&�(K-5 Z$� �-,*.;#(+ �'H*,/�!W4�&?"K$� �=�6�(B �"�O]�r/10�(K-5 �93/C")&1h7!�/10#"
 �DC*,/�!3"i$�/1!#")*54�6�(H6 \ 0�&�-.&TD�&�$�'H&�0�(�4kj *,!�wv/�(+=� �'H*,/�!SDF*5")0#&�-,-.&
p
6�'+ �*.'�&�8F9#(H*,=�6Z4� �!3"L-�j &?")9# 1$�&E=�6�'H(+* \ 0�&ædv!�/�'H6Z �-./1(+"

pm

mpOx�r/�0#(
-5 `$� �-.*,;�(B �'H*,/�!Qhk-.&?"t9# �(B �=�<�'+(H&?"
*.!C'H(+*,!#")< \ 0�&�"
4�&�-, J$� �=>6�(+ :6�'B �!C'a*.!#$�/�!�!F0#"�h

p
!�&>93&�0�'_§�'+(H&>&�8�9�(+*.=�6

\ 0#&_4� �!#"2-�j &�"H9# �$�&
9#*U8�&�-gdf!�/�03"%-.&t!�/�'H&�(H/1!#"24�/�!#$
pp

m�O
�� �!#"i$�&a$� �"2-�j &�(H(+&�0�(%^>=�*.!#*.=�*5")&�(i&�")'i4�/�!�!#6�&t9# �(aI

e = pp(r, ξ) − ppd

do���Cm

Px&]4�6�9�-5 �$�&�=�&�!C'Q4�&�"x*.!�wv/1(H=� �'H*,/�!#"kDF*5")0#&�-,-.&?"x4� �!3"k-�j *,=� �[�&
&�")'24�/1!#$�(H&�-.*,6�!#/�!K"H&�0#-.&�=>&�!C'2 �0K4�6�9�-, 1$�&�=>&�!C'24�&t-5 �$� �A
=>6�(+ 

Tc

=� �*5"
 �0#"+")*r^b-5 :D� �(H*5 �'+*./1!S'H&�=>9�/�(+&�-,-,&T4�&?"�93 �A
(+ �=><�'H(+&�"@*,!1'+(H*,!#"H< \ 0�&?"tI

ṗp = Lpp
Tc+

∂pp

∂ξ

dξ

dt

 �D1&�$
Lpp

=
∂pp

∂pm

Lpm

do����m

\ 0#*x93&�0�'l"H&
(+6�6?$�(+*.(+&
&�!uI

ṗp = HpV
 �D�&�$

V =





Tc

ξ̇




do�?�1m

PQ %!�/10�D�&�-.-,&�=� �'+(H*5$�&]4xj *,!C'H&�(B �$�'H*,/�!t&�")'� �-./1(+"x4�/�!�!�6�&g9# �(gI

Hp =
(

∂pp

∂pm

Lpm

∂p

∂ξ

) do����m

&�'S-, �-,/�*a4�&u$�/�=�=� �!34�&| 1"H"H0�(B �!C':-5 Z=�*,!�*,=>*5"+ �'H*,/�!æ4�&
-�j &�(+(H&�0�(2&�")'l4�/�!#!�6�&t9# �(aI

V = −λHp
+
e.

do�?�1m

¿2«�ª À ±RÆ�È¼�����#®H�{±RÆGº_Áf®H¯7�F±Q��������®)»]¯
�i/�03"�4�/1!�!�/1!#"l*5$�*�-,&�"�=� �'H(+*,$�&T4kj *,!1'+&�(B �$�'H*,/�!S(+&�-5 �'H*,D�&?"l^
-, a$� �-,*.;�(B �'+*./1!�9�/�0�(]-.&29�/�*,!1'g&�']-,&2$�&�(B$�-,&�OCs7&�-.-,&�"r(+&�-5 �'+*.D1&�"
^T-5 �4�(+/�*.'H&t/�0`^T'H/�0�'H&�"% �0�'H(+&�"@9�(+*,=>*.'H*,D�&?"2[�6�/�=�6�'+(H* \ 0�&�"
93&�0�D�&�!1'i§�'H(+&a$� �-5$�0#-.6�&�"%4�&
wf �¶�/�!`")*,=�*.-5 �*,(+&�O
Ð Å#ÆJÇ�È~É]Ê3Ë�Ì{Íç�� �!#"
$�&>9# �(B �[1(+ �9�}�&a!�/10#"�$�/�!#"H*54�6�(+&�A
(H/1!#"�0�!�=�/�4�<�-.&�4�&V$� �=�6�(B u0�'H*,-.*5"H6L&�!�9#}�/�'+/�[�(B �=�=�6�A
'H(+*.&>� q��x �D�&�$l0�!`")&�0�-�'H&�(+=�&a4�&
4�*,")'H/1(+"H*./1!LI�-5 T4�*5")'H/�(B"H*./1!
(+ 14�*, �-.&1O�s7&�9�&�!#4# �!C'L9�(+&�!#4�(+&u&�!N$�/1=>9�'H&E4�&?"S=�/F4�<�-,&�"
9�-.03"�$�/1=�9�-.&�8�&�"`!�&E9�/1"H&E �03$�0�!X9�(+/�;#-.<�=>&�dfD�/1*.(G�yq��p�vm
=� �*,"�-�j &�8�936�(H*,&�!3$�&J=>/1!C'H(+& \ 0�&`-,&�0�(�0�'+*.-,*5"H �'H*,/�!Y!xj  �=�6�A
-.*,/�(+& \ 0#&�wf �*.;#-.&�=>&�!C'i-, \ 0# �-,*.'H6_4�&?"2(H6?")0�-.'+ �'+"�O

¢F*k-�j /1!K!�/�'H&
(u, v)

-, T9�/1"H*U'+*./1!J4kj 0�!`9�/�*,!1'i4� �!#"2-�j &?")9# 1$�&
9�*.8F&�-�hx$�&�'H'H&�9�/1"H*U'+*./1!|&?"o'a(+&�-,*.6�&�^K-5 `9�/1"H*U'+*./1!|4�0u=�§�=�&
93/1*.!C'i4� �!#"%-�j &?")9# 1$�&
!�/�(+=� �-,*,"H6t9# �(tI







u = u0 + pxx + δu(u, v)

v = v0 + pyy + δv(u, v)

d)���1m

/�µ
δu

&�'
δv
"H/�!C'Z4�&?"u'H&�(H=�&�"Z4�&�4�*5"o'+/�(B")*,/�!Þ[�6�/�=�6�A

'H(+* \ 0�&:*.!C'H(+/�4�0�*.'+">4� �!3"_-,&:=�/�4�<�-,&:4�&K-, V$� �=�6�(+ #O δu
&�'

δv
93&�0�D�&�!1'%§�'H(+&a=>/�4�6�-.*5"H6�"29# �(
I







δu(u, v) = Kd r2 ũ

δv(u, v) = Kd r2 ṽ

d�q��1m

 �D�&?$
ũ = u − u0, ṽ = (v − v0)

&�'
r2 = ũ2 + ṽ2 OQPQ&�"

$�*,! \ 9# �(B �=�<�'+(H&?"�^t&�")'H*,=�&�(�df&�!�9�-,0#"74�&i-5 a93/C")*.'H*,/�!b4�&i-, 
$� �=>6�(+ Cm]"H/�!C'i4�/1!#$

ξ = {px, py, u0, v0, Kd}
O

�i/10#"%4�&�D1/�!#"%4�/�!#$
6�'B �;�-,*,(%-, �=� �'+(H*5$�&a4kj *,!1'+&�(B �$�'H*,/�!
Hp\ 0�*]-,*.&�-,&b=�/�0#D�&�=�&�!1'

ṗ = (u̇, v̇)
4�0G9�/�*,!C'

p = (u, v)4� �!3"]-�j *,=� �[1&
^
[Tc ξ̇]T

O
Lpp

&?"o'20�!�&
=� �'+(H*5$�&
2× 6

&�'
∂p

∂ξ

&?"o'i=� �'H(+*,$�&
2 × 5

O��g-,0#"%9#(H6?$�*5")6�=>&�!C'tI

Lpp
=





px 0

0 py



Lpm

d�q��?m

/�µ
Lpm

&?"o'i4�/1!�!�6�&a93 �(2-�j 6 \ 0# �'H*,/�!udf�Cm
�l&t9�-,0#"�h�^>9# �(H'H*,(%4�&�do���Cmph�4�6�(H*,D�&�(

u
&�'

v
9# �(2(+ �9�9�/�(H'2^

ξ
9�&�(+=�&�'i4kj 6�'B �;�-,*.(�")*,=�9�-.&�=�&�!C'aI

∂p

∂ξ
=

(
x 0 1−Kd

(
r2 + 2ũ2

)
−2 Kd ũṽ ũ r2

0 y −2 Kd ũṽ 1−Kd (r2 + 2ṽ2) ṽ r2

)

è,épé�ê

Ð Å�Æ�Ç7Ñ.È�ÌeÄ�ÃCÒ�Ä�Ö�Ã3ÎÚ�r/�0#(J!#&|93 �"` �-,/�0�(B4�*,(`-.&?"K6 \ 0# �A
'H*,/�!#"�hC!�/�0#"7!�&t$�/1!#")*54�6�(H&�(H/1!#"g9# 1"]*5$�*{4�&t4�*5"o'+/�(B")*,/�!:4# �!#"
-.&]=>/�4�<�-.&@4�&]$� �=�6�(B �O?�i/�'+/�!#"

(uc, vc, m20, m02, m11)
-,&�"

9# �(B �=�<�'H(+&�"
4�6�$�(H*,D� �!C'
-�j &�-,-.*,9#"H&�4# �!#"
-�j &?")9# 1$�&>9�*.8F&�-�O�ë�!
=�/�!C'H(+& \ 0Qj *,-,":")/1!1'b(+&�-,*,6�"�^ (xc, yc, µ20, µ02, µ11)

df*�O &�O,h
-.&?"2=�§�=�&a9# �(B �=�<�'H(+&�"24� �!3"2-�j &�"H9# �$�&t!�/�(+=� �-,*,"H6?m]9# �(aI

uc = u0 + pxxc vc = v0 + pyyc

m20 = µ20p
2
x m02 = µ02p

2
y m11 = µ11pxpyd�q�c1m

∂pp

∂pm

&�")'l4�/�!3$a0�!�&_=� �'H(+*,$�&_4�*, �[�/1!# �-,&_�
×
�>4�/�!C'i-5 b4�*5 �A

[�/1!# �-,&]&?"o'g4�/1!�!�6�&29# �(2I (
px, py, p2

x, p2
y, pxpy

) O���/10�(�-�j &?"oA



'H*,=� �'H*,/�!S4�&?"29# �(B �=�<�'+(H&?"@*.!C'H(+*,!#")< \ 0�&�"@/�!`$� �-,$�0�-,& ∂pp

∂ξ

I

∂pp

∂ξ
=









(u − u0)/px 0 1 0
0 (v − v0)/py 0 1

2m20/px 0 0 0
0 2m02/py 0 0

m11/px m11/py 0 0









d�q��Cm

¿2«�¿ ì ��¹)® ÿ ������®o»]¯^È·Çl¹o��®�í�®?ÈÞ��î]±
Px&�"u93 �(B �=�<�'+(H&?"V*,!C'H(+*.!3")< \ 0#&�"|*,"+"H0#"G4kj 0�!�&�$� �-.*,;�(B �'+*./1!
=>/1!�/�A�*,=� �[�&b9�&�0#D�&�!C'�§�'+(H&1h�&�!Z9�(B �'+* \ 0�&1hQ'+(H<?"�4�*Uz{6�(+&�!C'
4�&�"�9# �(B �=�<�'H(+&�"l$� �-5$�0�-,6�"�^b9# �()'+*.(
4kj 0�!�&�")&?$�/�!34�&_*,=� �[�&
9�(H*5"H&>4kj 0�!| �0�'+(H&>93/1*.!C'a4�&>DC0#&T&�'a$�&> �D1&�$a-5 K=>§�=�&>$� �A
=>6�(+ #hQ-,&:=�§�=�&J/�;�no&?$p'+*Uwoh�-, �=�§�=�&K$� �(H'H&:4�&K!F0�=�6�(+*,"+ �A
'H*,/�!xhC&�'2-, _=>§�=�&�=�*,(H&
4�&�$� �-,*.;�(B �'+*./1!SdvD�/1*.(@-,&�"g(+6�"H0�-.'+ �'+"
9�(H6?")&�!C'H6�"%4# �!#"2-,&t'+ �;�-.&? �0`�1m�O�Ô´-x&�")'l4�/�!3$�*,=�93/1()'B �!C'i4�&
$�/�!3")*54�6�(+&�(>9�-,0#"H*.&�0�(+"�*,=� �[1&�">4� �!#"�-,&`9�(+/F$�&�"+")03"T4�&S$� �A
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