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ṙ = Ls T

� 	 b"! �
F=� (
� Ls

2CBD={Z<HJ2�`'7k=@?A;O4G2 �D7K4QFKV<;R2QHJH<25ST25S<;>`�2QH8BD;RFKH
k × 6

n�7:9<9o2QNRLQ25NR7 .�iT�Q� 
��I�
�	� 
 � �-�I�Si<�K��
�� � 7IB@B@FT4G;RLQ2WM

s
b

� T 2-B =lN>2{=@FK?
B@2QZ<?w4Q;>HJLQ`'7k=A;RY�Z<2E?@2CNR7:=@;>i�2QH�=@?A2UNO754Q7K`�LQ?
7�2G=�NO75BA4GvCH<2Kn82GqT9<?A;>`�L
S<7:H8B�N>2�?A2Q9ovQ?A2UST2�NO7'4Q7K`rLC?A7

Rc

2CH�B@FKH�FI?@;RfK;RH<2
C
b�4�NRZJB�9J?@L-4G;OBDLC`r2CH�=CnJB@; Tc2G= To

BDFIHI=�?A2CB@982-4z=@;R^K2C`�2QH�=3NR2CB3=@FI?AB@2QZJ?ABt4G;RH<LQ`'7:=@;OYIZJ2CB�ST2lNR7r4Q7K`rLC?A7{2G=�ST2lNR7
B@4QvQH<2UY�Z]\ 2QNRNR2l9o2Q? �GFI;g=-n_=@FIZJB�ST2CZTq52GqT9<?A;R`rL-B�S<7:H8B

Rc

2G=�2QH
C
n<FIH�9oFIB@2 (

T = Tc − To

� 	 b 	 �



����� ���	��
��
������������������
���
������������! �"�#$������"����

4~7:?lNR7*BDZ<;>=@2In82Q=lBA7:ZTi�2Qq<4G2Q9<=@;RFKH]noFKHxL-4G?A;>?
7'9J7K?�7KV<ZJBlST2{NO7:H<f�7:fI2UYIZ�\ Z<Hy=@FI?DX
BD2CZ<?�2GqT9<?A;>`�L�S<7KHJBtZ<H*?A2Q9ovQ?A2W7EBA7{^k7KN>2CZ<?�STFKH<HJLQ2l2QH�N�\ FK?A;>fI;>HJ2�ST2�4G2W?A2Q9ovQ?A2Kb
0�H H<FK=@2 9J7:?�7:;RN>NR2QZJ?AB

V
NO70^_;>=@2-B@B@2 ST2 =@?
7:H8BDNO7k=A;>FIH M0Nc\ FI?@;RfK;RH<2ySTZ ?@2C98vC?@2

2G=
ω
NR7 ^_;>=@2CBAB@2�S<2P?@FK=A7k=A;>FIH�=A2QNRN>2-B�Y�Z<2 T = (VT ωT )T

b �_;
oRc

STLC4Q?@;>='NR7
`'7k=@?A;O4G2{ST2{?@FK=A7k=A;>FIH�2QH�=@?A2�Z<HP?A2Q9ovQ?A2

Ro

N>;RL{M�Nc\ FIV�� 2G=w2Q=
Rc

noFKHP7'987:?wSTLQ}<X
H<;>=@;RFKH � � � # * � � (

ω̃ = oṘc
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4Q7:`�LC?A7rSTLQ9oFK?@=@LC2Kb

2���# � 2 % � �wb � 0�H�9o2QZT=�H<FK=@2C?~NR7WST; �oLC?@2CHJ4G2�ST2�B@;>fIH<2�2QH�=@?A2�N>2-B�LCY�ZJ7:=@;RFKHJB#� 	 b  �2G= � 	 b * �cba132G=D=A2rS<; ��LQ?A2QHJ4Q2{BC\ 2Qq_9JN>;OY�Z<2{HJ7:=@Z<?A2QNRNR2Q`�2QH�=�987:?wNR2E4
687:H<fI2Q`�2QH�=�ST2�4GFIHT}<X
fKZ<?
7k=A;>FIH�STZ�4Q7K9T=@2CZ<?�9J7K?�?A7K9<98FI?D=�7KZTq5^k7:?A;R7KV<NR2CB�ST2U4GFIH�=@?AuKNR2 � ^KFK;R?t}JfKZJ?@2 	 b"! 
Gb

%�Z<2{NR7'4C7:`�LQ?
7�STLQ9oFK?@=@LC2UBDFI;g=�}<qT2UFIZ�`rFIV<;RN>2InJNO7�`�7:=@?A;R4Q2
c
Tn

2-B =�`�7K;>H�=A2QHJ7KHI=
^ 7K?@;O7:VJN>2�2Q=rSTFI;g=rpG=A?@2*2CBD=@;R`rLC2*M 4
6J7KY�Z<2�;>=@LC?A7:=@;RFKH]n/4G2�YIZJ;32-B =Ei�7:;>=EfKLCH<LQ?
7:NR2Q`�2CHI=
2QH0ZT=A;>NR;OB@7KHI=EZ<H<2�=A2C4
6<HJ;RY�Z<2�ST2�NRF_4C7:NR;RBA7k=A;>FIH 	 - � ^KFI;>?E9J7:?
7:fI?A7K9<6<2 	 b"!Tb  b � 
Gb �_;3NR7
4Q7:`�LC?A7E2CBD=�}<qT2KnT;RN]2CBD=wSTFIHJ4l9<?@LQijLQ?
7:V<NR2�Sa\ ZT=@;RN>;OB@2Q?�Nc\ Z<HJ2UST2CB�?A2QNO7k=A;>FIHJB�BDZJ;>^k7:H�=A2CB (

ṡ = −Ls
c
T∅

∅
Tn

nJn(q) q̇
� 	 b �8� �

= −Ls
c
T∅

(
I3

∅P̃n

03 I3

)
∅Jn(q) q̇

� 	 b ��� �
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F=� ∅Jn(q)
2-B =*N>2 �D7K4GFIV<;R2QH STZ ?AFKVoF:=*2GqT9<?A;>`�LyS<7KHJB5B@FKH%?A2Q9ovQ?A2yST2 VJ7KB@2P2G=�F=�

N>2-B34QF�2�'�4G;R2QH�=AB3ST2CB3`'7k=@?A;O4G2CB ∅
Tn

2Q= ∅P̃n

BDFIH�=hijFKZJ?@H<;OB�987:?hNR2w`�FTSTvCN>2�fILQFI`rLQ=@?A;RY�Z<2
ST;>?A2C4G=/STZE?@FIV8FK=Cb���H{2	�o2Q=Cn NR7w`'7k=@?A;O4G2hST23=@?
7:H8B ijFI?@`'7k=A;>FIH

c
T∅

2-B =�7:NRFK?
B]4GFIHJB =
7:H�=@232G=
H<2tS<FK;>=/pQ=@?A2h2CBD=@;R`�LQ2In-fILQH<LC?A7KN>2C`�2QH�=�fK?AFIBAB@;>vC?@2C`r2CH�=CnQY�Z]\ Z<H<2�BD2CZ<NR2�ijFK;OB�7:ZU9J?@L-7:NO7:V<NR2Kb

-l7:HJB�NO7lN>;>=D=ALQ?
7k=AZ<?@2 � ! � � * 	 7Tn ! � 3 * 6 � n:NO7l9<N>ZJ9J7:?@=�ST2CB/=A?A7 ^k7:Z<q{BD2�9<NO7K4Q2tS<7KHJB
N>2r4Q7KS<?@2{S]\ Z<H 4Q7:9<=@2QZJ?�2C`{VJ7K?AY�Z<LIb 0�Hx9o2QZT=�4G2C982CHJS<7:H�=W4G;>=@2Q? � � m�m * 	 n * �hm * +�7Tn
! � � *� n - 0 2 *& n�� �3m * 6Tn�13d 4 *&% n ! 0 2 *)( n 2 � / *)* ��S<7:H8B{NR2CBAY�Z<2QNOBUZ<HJ25FKZ
9<N>Z8BD;R2QZ<?
B�4Q7K`�LQ?
7KB�STLQ9oFK?@=@LC2CB�B@FKH�=�ZT=@;RNR;RB@LQ2-BQb

-l7:HJB�=@FKZ8B�N>2-BU4Q7IB�ST2�}JfIZ<?@2InaNR7�`'7:=@?A;R4Q2�S]\ ;RH�=@2Q?
7K4G=@;RFKH � FKZ<2'ZJH"?@uIN>2�2CBAB@2QH�=@;R2QN
2G=�H<FKZJBr7:NRNRFKHJBrMx9<?ALCB@2QH�=�STFKH<HJ2Q?�B@7xijFK?A`r2�7:HJ7KN>s�=A;RY�Z<2*98FIZ<?�Z<H�2CHJBD2C`{V<NR2*S]\ ;RHTX
ijFK?A`�7:=@;RFKHJB�^�;OB@Z<2QNRN>2-B�ST2P= s_9o2PfKLCFK`�LG=A?@;OY�Z<2Kb 4~7K?�NR7"B@Z<;>=@2In�=@FIZT=@2-B'NR2CB�fI?A7KHJST2CZ<?AB
H<LC4Q2CBAB@7K;>?A2CB � 4GF_FK?
STFIH<H<LQ2-B�2G=r^_;g=A2CBABD25S<2�98FI;>H�=
BQn[=@FI?AB@2QZ<?E4G;RH<LQ`'7k=A;RY�Z<2In[2Q=A4Kb 
{BDFIHI=
2GqT9<?A;>`�LQ2-B�S<7:H8B�N>2�?A2Q9ovQ?A2�ST2WNR7�4Q7K`�LQ?
7E;RNRN>ZJBD=@?AL�BDZJ?�NR7E}JfIZ<?@2 	 b 	 b

����h ��
 �porqfs�tDu(vjwyx"z uE{|s&wDtjq}v0s�u(~�{6x"z uE{
�0~�t�� qfs(u(~�{ �����

	 b"!Tb +Jb � b�� ��������� ����� ����� ��� � � �!��"#�$��� �%�'&
"#�����)(+*

-�2W`�7KH<;RvQ?A2w=A?@v-Bt4QNR7IB@B@;OYIZJ2Kn�N>2l`�F_S<vQNR2l`'7:=@6<LC`�7:=@;OY�Z<2lS]\ Z<HJ2l4C7:`�LQ?
7U2-B =�STLQ}JH<;
9J7:?�Z<H<2W9<?AF � 2-4z=A;>FIH59o2Q?
BD9o2C4G=@;R^K2�=@2QNRNR2WY�Z<2�=@FIZT=�98FI;>H�=

M
7 s�7:H�=t9oFKZJ?�4QF_FK?
STFKH<HJLQ2CB

M = (X Y Z)T
BD2'9<?AF � 2Q=D=A2�BDZ<?{N>2�9JNR7KH ;R`'7:fI2'2QH"Z<H"9oFK;RH�=

m
ST254QF_FK?
STFKH<HJLQ2CB

(x y 1)T
7 ^K2C4 (

x = X/Z , y = Y/Z
� 	 b � ! �
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FK?
STFKH<HJLQ2CB

x
2G=

y
ST2

m
987:?�?A7K9<9oFK?@=�MlNO7�^_;>=@2-B@B@2

Ṁ
ST2-B~4GF_FK?
STFIH<H<LQ2-B[S<Zr9oFK;RH�=

M
(

(
ẋ
ẏ

)
=

(
1/Z 0 −X/Z2

0 1/Z −Y/Z2

)
Ṁ

� 	 b � 	 �

%�Z<2CN>NR2yY�Z<2yB@FK;>=�NO704GFIHT}JfKZJ?A7:=@;RFKH 4
6<FK;OBD;R2 � 4C7:`�LQ?
7 2Q`EVJ7:?
Y�Z<LQ2PFIZ%STLQ9oFK?@=@LC2Kn
98FI;>H�=

M
}<qT2 FKZ `�FKV<;RN>2 
zn�NO7 ^�;>=@2-B@B@2

Ṁ
ST2

M
2CH ijFIHJ4z=A;>FIH S<Z =AFK?
BD2CZ<?�4Q;>HJLGX

`�7:=@;OY�Z<2 T 2QH�=@?A2�NR7 4Q7K`�LQ?
7y2Q=5BDFIH�2CH�^_;R?@FIH<H<2C`r2CH�=�2-B =�STFIH<H<LC2P9J7:?'Nc\ L-Y�ZJ7k=A;>FIH
ijFKHJS<7K`�2QH�=A7KN>2�ST2�NO7�4G;RH<LQ`'7k=A;RY�Z<2 (

Ṁ = −V − ω ×M = −V + M̃ ω =
(
−I3 M̃

)
T � 	 b � + �

mh\ L-YIZ87k=@;RFKH � 	 b � 	 �a9o2QZT=�7:NRFK?
B�BD2WB@;>`�9<NR;g}82Q?-nT2QH5Z<=@;RN>;OB@7KH�=�Nc\ LCY�ZJ7k=A;>FIH�� 	 b � ! �cnTB@FKZJB
NR7EijFK?A`�2 (

(
ẋ
ẏ

)
= Lxy(x, y, Z) T � 	 b �  �

F=� (

Lxy(x, y, Z) =

(
−1/Z 0 x/Z xy −(1 + x2) y

0 −1/Z y/Z 1 + y2 −xy −x

) � 	 b � 6 �

0�H'9o2QZT=tH<F:=A2Q?hY�Z<2wN>2-B~=@2C?@`�2-B�;RHJSTZ<;>=ABh9J7:?�NR2CBh`�FKZ<^I2Q`�2QH�=ABhST2�?AF:=A7:=@;RFKH�H<2wS<LGX
982CHJST2QH�=3Y�Z<2�ST2CB~`�2-BDZ<?A2CB

x
2G=

y
S<7:HJB�N�\ ;>`'7:fI2Kb.4~7K?�4GFKH�=A?@2In:N>2-B�=@2C?@`�2-B~;>H8STZ<;>=AB�987:?

N>2-B~`�FKZ<^I2Q`�2QH�=ABhST2�=@?
7:HJB@NO7k=@;RFKH'B@FKH�=~;>H_^I2Q?
BD2C`r2CH�=�9J?@FI98FI?D=A;>FIH<H<2QNOB~MWNO7W9<?@FKijFKHJS<2QZ<?
STZ59oFK;RH�= 	 - 4QFKHJB@;RS<LQ?ALKb<132w9<6<LCH<FK`�vCH<2lB@2w?A2G=A?@FIZ<^K2w98FIZ<?h=AFKZT=A2CBtNR2CB3;>HTijFI?@`'7:=@;RFKHJB
^�;OB@Z<2QNRN>2-B�Y�Z]\ ;>N�2CBD=[9oFIBAB@;>V<NR2hST2tSTLG}8H<;>?�S<7KHJB]Nc\ ;R`'7:fI2 � 2Q=�STL-4G?A;g=[N�\ 7:`EV<;>fIZ���=@Lh4QNR7IB@B@;RY�Z<2
2QH ^_;RB@;>FIH 987:?�FK?
ST;RHJ7k=A2QZ<?W2CHI=A?@2�Nc\ 7K`�9<N>;>=@Z8ST2�Sa\ Z<H `rFIZ<^K2C`�2QH�=UST2r=@?
7:HJB@NR7:=@;RFKH 2G=
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NR7{9<?@FKijFKHJS<2QZ<?tST2CB3FKV�� 2Q=AB 
zb ��H*7IB@B@2Q?A^_;RBAB@2Q`�2QH�=~^_;RB@Z<2QNcn�;>Noi�7:Z8ST?A7{STFKHJ4w;>H � 2C4z=A2Q?tZ<H<2
;>HTijFI?@`'7:=@;RFKH 	 -{n�9oFKZ<?@=A7KH�=l7*9<?@;RFK?A;�;RHJ4QFKH<H_Z<2In�S<vCBWY�Z<2ENc\ FKH B@FKZJ6J7:;>=@2C?A7�4QFKH�=@?AuKNR2Q?
ST2CB�S<2QfK?ALCB�ST2�NR;RV82C?D=ALWS<Z�?AFKVoF:=�;R`�9<N>;OY�ZJ7:H�=wST2-B�`�FKZ<^I2Q`�2QH�=AB�S<2W=@?
7:HJB@NR7:=@;RFKH]b

m�2CBl7:NRfKFK?A;>=@6<`�2CB�ST2E=@?
7:;>=@2Q`�2CHI=WSa\ ;>`'7:fI2CB�ijFKZ<?AH<;OB@B@2QH�=lS<2CBlSTFKH<HJLQ2CB�2GqT9<?A;R`rLC2CB
2QHx9<;>qT2QNOBQb �_;/N�\ FKHPH<LCfKNR;>fI2UNR2CB�9J6<LQH<FI`�vQH<2-B�ijFK?@=@2C`�2QH�=wH<FIHPN>;RH<LC7K;>?A2CB�ST2{ST;OBD=@FK?
B@;>FIH
STZJB�9J7K?�2GqT2Q`�9<NR2'M�N�\ 2Q`�9<NRFK;�Sa\ FKV � 2C4z=A;gi�B{M5=A?@v-B�4GFIZ<?D=A2rijF_4C7:NR2KnaNR2'4
6J7:H<fI2Q`�2QH�=UST2
^ 7K?@;O7:VJN>2�98FIZ<?�9J7KBABD2C?tS<2CB�4GF_FK?
STFIH<H<LQ2-B

(xp yp)
T
Sa\ Z<H*9oFK;RH�=Cn_2GqT9<?A;R`rLC2CBt2QH*9<;>q_2CNRBCn

7:ZTq�4GF_FI?ASTFIH<H<LC2CB
(x y)T

ST2�4Q2w`�pQ`�2l98FI;>H�=Cn�`'7:;OBh2QqT9<?@;R`�LQ2-B�2QH5`rvQ=@?A2Kn�2CBD=tSTFIH<H<L
9J7:?
(

x = (xp − xc)/fx , y = (yp − yc)/fy

� 	 b ��% �
F=�

(xc yc)
T
?A2Q9<?ALCB@2QH�=A2'N>2-B{4GF_FI?ASTFIH<H<LC2CBUS<7KHJB�Nc\ ;R`'7:fI25STZ09oFK;RH�={9<?A;>HJ4Q;>987:Nh2Q={F=�

fx = f/lx
2G=

fy = f/ly
B@FKH�=ENR2CBE?
7:9<9oFK?@=AB{2QH�=@?A2�NO7yST;OB =
7:HJ4Q2�ijFT4Q7KN>2

f
ST2*Nc\ FKVTX

� 2C4z=A;gi�2Q=xN>2-ByST;R`�2QHJB@;RFKHJB
lx
2Q=
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Sa\ ZJH 9<;gqT2CN � ! 0 2 *� � bW132-BP9J7:?
7:`�vQ=@?A2CBCn�7:9TX

982CN>L-Bx9J7K?A7K`rvQ=@?A2CB�;RHI=A?@;RHJB@vCY�Z<2-BxST2"NO7%4Q7:`�LC?A7Jn�982CZ<^K2CHI= pG=@?A2"2CBD=@;R`�LCBx7KZ 9<?@L-7kX
NR7KV<N>2PNRFK?
B�Sa\ Z<H<2P9<6J7IBD2PST2x4C7:NR;>VJ?A7:=@;RFKH � 7���� * !Tn 2,0 7 * 	 � n�`'7:;OBCn�4GFK`�`�2�98FIZ<?
N>2-B�LCN>LC`�2QH�=ABlST2rNR7*`'7k=@?A;O4G2{VJ?A7IB X ��;>Ncn8S<2CBl7:9<9<?AF qT;>`'7:=@;RFKHJBwfK?AFIBABD;RvQ?A2CB�B@FKH�=l2QHyfILGX
H<LQ?
7:NhB@Z�'�BA7:H�=@2-BW98FIZ<?{4GFIHJB@2Q?A^K2Q?WNO7PB =
7:V<;RNR;g=AL�ST2CBUB@sTB =AvQ`�2CB{Sa\ 7IB@B@2Q?A^_;RBAB@2Q`�2QH�=W^�;>X
BDZ<2CN � � � 4 * 	 n # � m *�( n�# � m *)* � b

deN~2-B =�7:ZJBAB@;/9oFIBAB@;>V<NR2�ST2'4Q7:NO4GZJN>2C?�NO75`'7:=@?A;R4Q2rSa\ ;RHI=A2Q?
7K4G=@;RFKH 7IB@B@FT4G;RLQ2r7:ZTqy4QF�FI?DX
STFKH<HJLQ2CBWSa\ Z<H 98FI;>H�=W2GqT9<?A;>`�LQ2-B�S<;>?A2C4G=@2Q`�2CHI=W2QH 9<;>q_2CNRBCb � 987:?@=@;R?lSTZ 4
6J7:HJfK2Q`�2CHI=
ST2�^k7:?A;R7KV<N>2l?ALC4G;R9<?AFTYIZJ2WM � 	 b � % �cnTSTFIH<H<L�9J7K?	(

xp = xc + fxx , yp = yc + fyy
� 	 b �8( �

FKH�FKVT=A;>2CH�=�;R`�`�LCST;O7k=A2Q`�2QH�=�(

Lxpyp
=

(
fx 0
0 fy

)
Lxy

� 	 b �8* �

F=�yNc\ 2QHJB@2Q`EV<N>2�ST2-Bw=A2Q?A`�2CBW4GFIHI=A2QH_ZJBWS<7KHJB
Lxy

no2Qq<4G2Q9<=@LrV<;>2CH 2CH�=@2QH8STZyNO759J?@FKijFKHTX
ST2QZ<?

Z
n<9o2QZJ^K2QH�=wBC\ 2QqT9<?@;R`�2Q?�2CH*ijFIHJ4z=A;>FIHPST2CB�987:?
7:`�vG=A?@2-B3;RH�=@?A;>H8BDv-YIZJ2CB�2Q=wST2CB�4QF:X

FK?
STFKH<HJLQ2CB
(xp yp)

T
MlN�\ 7:;OST2�ST2 � 	 b � % �cb �_;JV82-BDFI;>H]nkFIH�982CZT=�9<?AF_4QLCST2C?�ST2�`�pQ`�2�98FIZ<?

N>2-B�;RHTijFK?A`'7k=@;RFKH8B�^_;RB@Z<2CN>NR2CB�Y�Z<;�B@2Q?AFKH�=�^_Z<2CBh9J7:?�NO7UB@Z<;>=@2�2Q=h=@?
7 ^k7:;RN>NR2Q?37 ^K2C4�ST2-B3S<FKHTX
H<LQ2-Bh2Qq_9J?@;R`�LQ2CBh2QH�9J;gqT2QNOBCbIm�\ ;RHI=ALQ?ApG=t9<?@;RHJ4Q;>9J7KN8Sa\ 7 ^KFI;>?hZ<H<2�ijFI?@`�2w7KHJ7:NRs�=@;OY�Z<2wST2�NR7
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7K4z=A;>FIH�Y�Z<;8STLC982CHJS'2Qq_9JN>;O4G;>=@2C`r2CH�=tST2-B�9J7K?A7K`rvQ=@?A2CB~;RH�=@?A;>H8BDv-YIZJ2CB~2-B =
YIZJ2'N�\ FKH 9o2QZT={7KN>FI?ABlLG=AZJST;R2Q?UNO7PB@2QHJB@;>VJ;>NR;g=AL�ST2CB�B@sTB =AvQ`�2CB�S]\ 7IB@B@2Q?A^_;RBABD2C`�2QH�=l^_;OBDZJ2QN
7:ZTq52C?@?A2QZJ?AB�Sa\ 2CBD=@;R`'7k=@;RFKH�FIZ�Sa\ 7:9J9<?@F qT;R`'7k=@;RFKH�BDZJ?�4G2CB�987:?
7:`�vG=A?@2-BQb

0�H�9o2QZT=�}8HJ7:NR2Q`�2QH�=hB@;>fIHJ7:NR2Q?~NR2CB~=@?
7 ^ 7KZTq{?ALC4Q2QH�=AB~STL-4G?A;g=
B�S<7KHJB#� 2 � / *)* �o7 sI7KH�=
7:VoFKZT=A;[M�NO7�`rFTSTLCN>;OBA7k=@;RFKHPST;R?A2C4z=A2UST2UNO7�`'7k=@?A;O4G2#�D7K4QFKV<;R2QHJH<2
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ṡ = Jsq̇S<7:HJBrNR2*4C7KBEF=�

s
2CBD='4GFKH8B =A;g=AZ<L�S<2CB�4GF_FK?
STFIH<H<LQ2-BUSa\ Z<H 98FI;>H�='BD;>=@Z<L�B@Z<?ENc\ FK?AfI7:HJ2

=@2Q?A`�;>H87:N]Sa\ Z<H�?@FIV8FK=�2G=�FKV8BD2C?@^ILw9J7K?�ST2QZTq�4Q7:`�LC?A7IBtS<LQ9oFK?@=@LQ2-B (
s = (xg yg xd yd)

b
m�\ ;>H�=@LC?@pQ=�Sa\ Z<H<2�=A2QNRN>2E7:9<9<?AFT4
6<2W2CBD=�Y�Z]\ ;>N[H]\ 2-B =w7KN>FI?AB�9<N>Z8B�H<LC4Q2CBAB@7K;>?A2�ST2{4QFKH<HJ7��R=A?@2
N>2#�D7I4GFKVJ;>2CH]nT2G=wSTFIHJ4lN>2�`�FTSTvCN>2WfKLCFK`�LG=A?@;OY�Z<2Kn<S<Z�?AFKVoF:=�ZT=A;>NR;RB@LKb



� � � � ��� �!� � ���
��� ��� �!� "���# �����

�_;tNc\ FIH04GFKH8BD;OSTvQ?A2�MP9<?ALCB@2QH�={ZJH<2*4C7:`�LQ?
7�LCY�Z<;R98LC25Sa\ Z<H �CF�FI` 4QFK`�`'7:HJSJ7:V<NR2Kn
ijFKZ<?AH<;OB@BA7:H�=/7K;>H8BD;�Z<HES<2QfK?AL3S<23NR;>Vo2Q?@=@L�B@Z<9<9<NRLQ`�2QH�=
7:;R?@2t7:ZEB@sTB =AvQ`�2Kn-FKHEFKVT=A;>2CH�=[=AFKZT=
7:ZJBABD;]B@;R`r9JN>2C`r2CH�=wME987:?@=@;R?�ST2 � 	 b �8( � (

(
ẋp

ẏp

)
= Lxpyp

T +

(
(xp − xc)/f
(yp − yc)/f

)
ḟ

� 	 b ! � �

4/FIZ<?�ST2CBr?
7:;OBDFIHJBU9<ZJ?@2C`r2CH�=E=A2C4
6<H<FIN>FIfK;OY�Z<2CB � NR7 9<NRZ<9J7K?D='ST2CB �QF_FI`�BELG=
7:H�='4GFK`rX
`�7KHJS<7KV<N>2{Z<H<;OYIZJ2Q`�2QH�=w2CHP98F�BD;>=@;RFKH]n82G=lH<FKHP2CHP^�;>=@2-B@B@2 
GnJ9o2QZxST2U=@?
7 ^ 7KZTq*FIH�=wZT=@;>X
N>;OBDL�4Q2G=D=A2tijFKHJ4G=@;RFKH<HJ7KN>;>=@L�7K`r2CHJ7:H�=�98FIZ<?@=A7:H�=~Z<H<2�?A2CSTFIHJS<7KHJ4G23=@?AvCB/;RHI=ALQ?A2CBAB@7KH�=@2t9J7:?
?A7K9<98FI?D=�7:Z `�FKZ<^I2Q`�2QH�=UST2r=@?
7:H8BDNO7k=A;>FIHyNR2rNRFKHJf�S<2rNc\ 7kqT2EFI9T=@;OY�Z<2Kb 0�H 9o2QZT={4Q;g=A2Q?
4G2Q9o2QH8S<7:H�= � � � 4 *� n ! 0 � *� 7 �cb

	 b"!Tb +Jb"!Tb�� ��������� ����� ����� ��� � � �!��"#�$��� �%� � &���� ��� �!��������� "���� �!���
	 ��� &�� � ��������� ����
 � (+*

0�H 982CZT=0LQf�7:NR2Q`�2QH�= 4Q7:NO4GZJN>2C? NO7 `'7k=@?A;O4G2 Sa\ ;RH�=@2C?A7I4z=@;RFKH 7KBABDFT4Q;>LC2�M ST2CB ;RHTX
ijFK?A`�7:=@;RFKHJBr^_;OBDZ<2CN>NR2CB�4QFKHJBD=@?AZ<;>=@2CB�M 9J7K?D=A;>?'ST2�9<?A;>`�;>=@;R^K2-BEfILQFI`rLQ=@?A;RY�Z<2-Br9J7:?
7:`�LGX
=@?
7:V<NR2CB�� 1�! � *)� n�� � 4 * ! � b�4�FKZ<?�4Q2QNO7<n_;>NaB@Z�'�=�ST2�STLG}JHJ;>?�NR2CBtLCY�ZJ7:=@;RFKHJBt?A2Q9<?ALCB@2QHTX
=A7:H�=�(
� NR7�H87k=@ZJ?@2W2G=�NO7�4GFIHT}JfKZJ?A7:=@;RFKH*S<2lNO7r9<?A;>`�;>=@;R^K2US<7KHJB�NR7�BA4GvCH<2 (

h(X, Y, Z, P1, ..., Pn) = 0
� 	 b ! � �

� B@7r9<?AF � 2-4z=A;>FIH�S<7KHJB�NR2�9<NR7KH*;R`'7:fI2 (

g(x, y, p1, ..., pm) = 0
� 	 b !�! �

� N>2 NR;>2CH 2QH�=@?A2yNO709J?@;R`�;g=A;>^I2 	 - 2G=PB@FKH ;R`'7:fK2 � 7:9J982CN>LC2 S<7KHJB*N>2 4Q7KB�Sa\ Z<H<2
9<?A;>`�;>=@;R^K2�^KFIN>ZJ`rLQ=@?A;RY�Z<2lNO7rB@Z<?@i�7K4Q2WS<2CB�NR;>`EV82-BQnT^IFK;R?�}JfKZJ?@2 	 b + 
 (

1/Z = µ(x, y, P1, ..., Pl) = 0,
� 	 b ! 	 �

� =@;>=@?A2wSa\ 2GqT2Q`�9<NR2Kn�BD;8Z<H<2wST?AFK;>=@2�S<2�N�\ 2CB@9J7I4G2�2CBD=h?A2Q9<?ALCB@2QH�=ALQ2�9J7K?�N�\ ;RHI=A2Q?
BD2-4z=A;>FIH
ST2CB�S<2QZTq59JNR7KHJB�BDZJ;>^k7:H�=
B
(

h(X, Y, Z,P) =

{
h1 = A1X + B1Y + C1Z + D1 = 0
h2 = A2X + B2Y + C2Z = 0

� 	 b !.+ �

FKHxFIVT=@;R2QH�=w;R`�`rL-ST;O7k=@2C`�2QH�=l2CHPZT=@;RNR;RBA7:H�=�NR2CB�LCY�ZJ7:=@;RFKHJB�ST2UNO7�9<?AF � 2-4z=A;>FIH�9o2Q?
B@982-4zX
=@;R^K2 � 	 b � ! ��(
� NR7rijFIHJ4z=A;>FIH µ

Mr9J7:?@=@;R?�ST2
h1

(

1/Z = αx + βy + γ
� 	 b"!  �

7 ^K2-4
α = −A1/D1, β = −B1/D1

2Q=
γ = −C1/D1

b
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�
����������������� � � ������� �

!��"�#� � �$���"�

% �'&(��)*�,+-�,./����� � � �,.102�*� �

3547698':2;,�

<2= +>�@?/���A������. � �"� � � ��.1B �

���������
�p����Cf�EDQ%E<"F
#EJ$/�)d<5.yFS#g2I>-:�%()*,K)*/�)�'5#nF�>5.D!-2EW )*,Z>�XS#g#&/T!�1;%*c+>jJ&#nFS#&!?2 )*, �(#&!ZF�>5.0!?2@#
J�>5!GF�W 1;.bJ7Gj2 )*.�F5%�#

� N�\ LCY�ZJ7:=@;RFKH{S<23NO7wST?AFK;>=@2�!.-En-HJF:=@LC2 D n ?ALCB@Z<N>=A7:H�=[S<23NO7�9<?AF � 2-4z=A;>FIHUS<7:HJB[Nc\ ;R`'7:fK2ST2�NO7rS<?@FI;g=A2 	 -{n8ME987:?@=@;R?�ST2
h2

(

ax + by + c = 0
7 ^K2C4

a = A2, b = B2, c = C2
� 	 b !)6 �

m[7�9J7:?
7:`�LG=A?@;OBA7k=@;RFKH
(a, b, c)

H]\ LG=
7:H�=U9J7KBU`r;RH<;R`'7:NR2Kn�FIH 9<?@LQijvQ?A2�4
6<FK;OB@;>?�NO7�?@2QX
9<?@L-BD2CH�=A7k=A;>FIH

p = (ρ, θ)
S<LG}JH<;R2�9J7K?	(

g(x, y,p) = x cos θ + y sin θ − ρ = 0
� 	 b"! % �

F=�
θ = arctan (b/a)

2G=
ρ = −c/

√
a2 + b2

� ^KFI;>?�}8fKZ<?A2 	 b  
zb

-

6

b b b
b b b
b b b
b

~X

~Y

θ

ρ

���������
�P�R�9H��JI	#B:0%�M&!$#&.0/ >5/�)�<5.
(ρ, θ)

FS#&!OF5% <5)*/B#&!H354

��H S<; ��LQ?A2QHJ4Q;R7KH�=0N�\ LCY�ZJ7:=@;RFKH � 	 b ! % � nU4G2 Y�Z<;54QFK?A?@2-BD9oFKHJS M N�\ 6_s_98FK=@6<v-BD2 Y�Z<2
N�\ ;>`'7KfK2ySa\ Z<H<2 ST?AFK;>=@2P?A2CBD=@2Q?
7 Z<H<2 ST?AFK;>=@2xY�Z<2QNOB5Y�Z<2 BDFI;>2CH�=�N>2-B�`�FKZ<^I2Q`�2QH�=
B5ST2
NR7�4Q7K`�LQ?
7<nTFKH�FKV<=@;R2QH�=�(

ρ̇ + (x sin θ − y cos θ) θ̇ = ẋ cos θ + ẏ sin θ , ∀(x, y) ∈ D � 	 b ! ( �



� � � � ��� �!� � ���
��� ��� �!� "���# �����

� 9J7:?@=@;R?�ST2EN�\ LCY�ZJ7:=@;RFKH � 	 b"! % �cn<FIHPLC4Q?@;>=
x
2QHPijFIHJ4z=A;>FIHxST2

y
BD;

cos θ 6= 0
� FKZ

y2QHrijFKHJ4G=@;RFKH'ST2
x
B@;RH<FKH�
[2Q=hN�\ LCY�ZJ7:=@;RFKH � 	 b ! ( �<9o2QZT=h7KN>FI?AB~BC\ LC4G?A;R?@2In-2CH�ZT=@;RN>;OBA7:H�= � 	 b �  �

2G= � 	 b"!  ��(

(ρ̇ + ρ tan θ θ̇) + y (−θ̇/ cos θ) = K1 T + y K2 T , ∀y ∈ R
� 	 b ! * �

7 ^K2C4 (

K1 = ( λ1 cos θ λ1 sin θ −λ1ρ sin θ − cos θ − ρ2/ cos θ −ρ tan θ )
K2 = ( λ2 cos θ λ2 sin θ −λ2ρ ρ ρ tan θ 1/ cos θ )

F=�
λ1 = −αρ/ cos θ − γ

2G=
λ2 = α tan θ − β

b
0�H�2QH�STL-STZ<;>=�7:ZJBAB@;g=Au:= (

{
ρ̇ = (K1 + ρ sin θ K2) T
θ̇ = − cos θ K2 T

� 	 b 	 � �

Sa\ FD� (

Lρ = ( λρ cos θ λρ sin θ −λρρ (1 + ρ2) sin θ −(1 + ρ2) cos θ 0 )
Lθ = ( λθ cos θ λθ sin θ −λθρ −ρ cos θ −ρ sin θ −1 )� 	 b 	 � �

7 ^K2C4
λρ = −αρ cos θ − βρ sin θ − γ

2Q=
λθ = −α sin θ + β cos θ

b
0�H 9o2QZ<=�?A2G=@?AFKZJ^K2Q?�N>2 `�pC`r2 ?@L-BDZJNg=
7k=�2CH 7:9<9JN>;OY�ZJ7:H�=�Nc\ L-Y�ZJ7k=A;>FIH � 	 b ! ( �*M

ST2QZTq�98FI;>H�=AB�ST2 D n~987:?�2GqT2Q`�9<NR2�4G2QZ<q�ST2P4GF_FK?
STFKHJH<LQ2-B ( ρ cos θ ρ sin θ
)T 2G=

(
ρ cos θ + sin θ ρ sin θ − cos θ

)T b
m�2CB�?ALCB@Z<N>=A7:=AB'9oFKZ<?�ST2CB59<?A;>`�;>=@;R^K2CB59<NRZJB54QFK`�9<NR2GqT2CB � 4G2C?A4QN>2-BQntBD9<6JvQ?A2CB'2Q=�4Gs�X

N>;RHJST?A2CB 
�B@FKH�=�STFIH<H<L-B�2QH � 1�! � *)� � n84Q2EY�Z<;�9o2Q?A`�2G=WSTFKHJ4{Sa\ Z<=@;RN>;OBD2C?�2CHy7KBAB@2Q?A^�;OBABD2QX
`r2CH�=[^_;RB@Z<2CNIST2-B];RHTijFK?A`'7k=@;RFKH8B�!.- 7KBABDFT4Q;>LC2CBaM�4Q2CB]9J?@;R`�;g=A;>^I2CBCbQdeNK2-B =�ST2�9<NRZJB�98F�B@B@;>VJN>2
Sa\ 2CH5STL-STZ<;R?@2�NO7�`'7k=A?@;O4G2�Sa\ ;RHI=A2Q?
7K4G=@;RFKH'7KBABDFT4Q;>LC2�MUST2CBh;>H<ijFK?A`�7:=@;RFKHJBhSTLG}JHJ;>2-BhMW9J7K?DX
=@;R?3ST2�9JN>ZJB@;R2QZ<?
B~9<?A;>`�;>=@;R^K2-B � =A2QNRN>2-B�Nc\ FI?@;R2QH�=A7:=@;RFKH'Sa\ Z<H�B@2QfK`�2CHI=�FIZ'NR7�S<;RBD=A7KHJ4G2wS]\ Z<H
98FI;>H�=�M�Z<HJ2{ST?AFK;>=@2U9J7K?�2GqT2C`r9JN>2 
zb8mh\ ;RHJ4QFKH_^KLCH<;>2CH�=�2-B =w=@FKZ<=�ST2U`�pQ`�2{Y�Z<2�Nc\ FKHPH<2
982CZT=h=A?A7 ^k7:;RNRN>2C?�YIZJ2wBDZJ?hST2CBh2QH_^_;>?AFKHJH<2Q`�2QH�=
B�F=��ST2�=A2QNRN>2-B�9<?A;>`�;>=@;R^K2-B�fKLCFK`�LG=A?@;OY�Z<2CB
2GqT;RBD=@2CH�= � Sa\ F=��N�\ 2Q`�9<NRFK;�N>2�9<NRZJBtij?ALCY�Z<2CHI=wS<2l9oFK;RH�=AB�4C7:?
7K4G=@LQ?A;OB =A;RY�Z<2-B�
Gb

	 b"!Tb +Jb 	 b�� ��������� ����� ����� ��� � � �!��"#� & "��%� ��������" � ����� ( * � ".� & 
 ��� ���

-�2CBw=@?
7 ^k7:ZTq�?@L-4G2QH�=
B�FKH�=w9o2Q?A`�;RBlSa\ LG=A7KV<NR;>?�NR7�ijFI?@`�2{7KHJ7:NRs�=@;OY�Z<2UST2{NO7'`'7k=A?@;O4G2
Sa\ ;RH�=@2C?A7I4z=@;RFKH 7KBAB@F_4Q;>LC2�M ST2-B';RHTijFK?A`'7k=@;RFKH8BE^_;OBDZJ2QNRN>2-B�?@2C9<?@L-BD2CH�=A7:H�=�NR7 9<?AF � 2-4z=A;>FIH
S<7:HJB�N�\ ;>`'7KfK2PSa\ FKV�� 2Q=AB'ST2�ijFI?@`�2x4GFI`�9<N>2QqT2Kb -l7:HJB � 1 0lm *)* Van - 2 � *�* �cnhN>2-B'BD;>q
=@2Q?A`�2CBt4GFI?@?A2CB@98FIHJS<7KHI=tMUNO7U9J7K?D=A;>2l7 ''H<2�S<2�NO7�=A?A7KHJB ijFI?@`'7:=@;RFKH'2QH�=A?@2�N�\ ;>`'7KfK2�S]\ Z<H
FKV�� 2Q=/9<NO7:H�MlB@7w98F�BD;>=@;RFKHr4GFKZJ?A7KHI=A2h2Q=�Nc\ ;>`'7:fI23ST2�4Q23`�pQ`�2�FKV � 2G=~M�BA7�9oFIB@;g=A;>FIHESTL-BD;>X
?@LC2wBDFIH�=34GFIHJBD;OSTLC?@L-BQb.4hN>ZJB39<?ALC4Q;RB@LQ`�2QH�=-nIB@;

(x y)T
2Q=

(x∗ y∗)T
BDFIHI=3?@2-BD9o2C4G=@;R^K2Q`�2CHI=



��� � ���	��
��
������������������
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N>2-Bh4GF_FI?ASTFIH<H<LC2CB~S<7KHJB~Nc\ ;R`'7:fK2�4QFKZ<?
7:H�=A2�2G=3S<7KHJB~Nc\ ;R`'7:fI2�STLCB@;>?ALQ2�S]\ Z<H5`rpC`�2�98FI;>H�=
ST23Nc\ FKV�� 2Q=Cn-FKH{B@Z<9<9oFIB@23Y�Z]\ ;>N_2Qq_;OBD=@2hZJH�� 2QZrST23987:?
7:`�vG=A?@2-B

Θ = (a1 b1 c1 a2 b2 , c2)
T=@2QNRNR2UYIZJ2�NR7r?A2QNO7k=@;RFKH (

{
x = a1 x∗ + b1 y∗ + c1

y = a2 x∗ + b2 y∗ + c2

� 	 b 	 ! �

BDFI;g=�^k7:NR;OST2U9oFKZ<?�=AFKZJB�N>2-B�98FI;>H�=
B�ST2UNc\ FIV�� 2G=-bo132G=@=@2U6_s_9oF:=@6JvCB@2�H]\ 2-B =�`'7KN>6<2CZ<?A2QZJB@2GX
`r2CH�=U9J7KBW^ILQ?A;g}JLC2�98FIZ<?�Z<H<2�4C7:`�LQ?
7�`rFTSTLCN>;OB@LQ2�9J7:?�ZJH<2'9<?AF � 2C4G=@;RFKH 982C?AB@982-4z=A;>^I2Kb
-w2r9<NRZJBQnoNO7�`'7k=A?@;O4G2{S]\ ;RH�=@2Q?
7K4G=@;RFKHy7IB@B@FT4G;RLQ2UM

Θ
9<?@L-BD2CH�=@2UZ<HJ2{9o2Q?@=@2�ST2{?
7:H<f � ST2

6rM +�
3N>FI?ABAY�Z<2�NR2�9<NO7:H�ST2�Nc\ FIV�� 2G=�2-B =�9J7K?A7KN>NRvQNR2l7KZ�9<NR7KH*;R`'7:fI2Kb
4~7:?�7:;RN>NR2QZ<?
BCnJBD;[N�\ FKHPSTL-4GFI`r9oFIB@2�2QHxB@LQ?A;R2UST2 /<FIZ<?A;>2C?�NR7�B@;RfKHJ7:=@Z<?A2W98FINR7K;>?A2

ρ(θ)ST2CBh98FI;>H�=AB34GFIHI=AFKZ<?
B~Sa\ Z<H�FIV�� 2G=3SJ7:HJB~Nc\ ;>`'7:fI2 � S<LG}JH<;R2�=A2QNRN>2lYIZJ2�N>2-Bh4GF_FI?ASTFIH<H<LC2CB
x2G=

y
Sa\ Z<HE9oFK;RH�=�S<Zr4QFKH�=@FIZ<?/BC\ LC4G?A;R^K2QH�= (

x = xg +ρ(θ) cos θ , y = yg +ρ(θ) sin θ
F=�

xg

2G=
yg

B@FKH�=3NR2CBt4GF_FK?
STFIH<H<LQ2-BhSTZ�4G2CHI=A?@2lST2lfK?
7 ^�;>=@L�ST2wNc\ FIV�� 2G= 
zn_;RNo2-B =�9oFIBABD;RV<NR2�ST2
4Q7:NO4GZJN>2C?�NR7�`'7:=@?A;R4Q2USa\ ;RH�=@2C?A7I4z=@;RFKHP7IB@B@FT4G;RLQ2�7:ZTq*=@2C?@`�2CB�ST2U4G2Q=D=A2{BDLC?@;R2 � 1 0lm *�* 7 � b
m�7EijFK?A`�2W7KHJ7:NRs�=@;OY�Z<2WFKVT=A2QH_Z<2W2CBD=w4G2C982CHJS<7:H�=�9o2QZPB@s�`�9J7:=@6<;OY�Z<2Kb

0�Hr982CZT=�LQf�7:NR2Q`�2QH�=~4Q7KNR4QZ<N>2C?�NR7l^k7:?A;R7:=@;RFKHrST2CB/`�FK`�2QH�=
B
mij

Sa\ Z<H�FKV � 2G=Cn:S<LG}JH<;OB
9J7:?
(

mij(t) =

∫ ∫

D(t)

xiyjdxdy
� 	 b 	�	 �

F=� D(t)
2-B =rN>2�STFI`�7K;>HJ25FT4Q4QZ<98L*9J7:?rNc\ FIV�� 2G='S<7:H8B{Nc\ ;R`'7:fI25MxNc\ ;RHJBD=A7KHI=

t
b��_;�N�\ FKH

BDZ<9J98F�BD2�Y�Z<2�Nc\ FIV�� 2G=h4QFKHJB@;OSTLQ?AL�2CBD=�9<NR7KH�FKZ'ST2�B@Z<?Di�7I4G2�ST2-B~N>;R`{Vo2CBh9<NO7:H<2�2G=tSa\ L-Y�ZJ7kX
=@;RFKH

1/Z = Ax + By + C
n8FIHPFKVT=A;>2CHI=l98FIZ<?wNc\ 7:;R?@2

a (= m00)
2Q=�NR2CBw4QF_FK?
STFKH<HJLQ2CB

xg(= m10/m00)
2Q=

yg(= m01/m00)
STZP4Q2QH�=@?A2�ST2�fK?
7 ^_;g=ALlST2WNc\ FIV�� 2G=�(

La= ( −aA −aB a(3/Zg − C) 3ayg −3axg 0 )
Lxg

= (−1/Zg 0 xg/Zg + ε1 xgyg + n11 −(1 + x2
g + n20) yg )

Lyg
= ( 0 −1/Zg yg/Zg + ε2 1 + y2

g + n02 −xgyg − n11 −xg)� 	 b 	 + �
7 ^K2C4

1/Zg = Axg +Byg +C
n
ε1 = An20+Bn11

n
ε2 = An11+Bn02

2G=�FD�
n20, n022G=

n11
BDFIHI=�NR2CB�`�FK`�2CHI=
B�4G2CH�=@?ALCBtH<FK?A`'7:NR;RB@LCB�Sa\ FK?
ST?A2 !�S<LG}JH<;OB�9J7K?
(

nij = 4µij/a
7 ^I2C4





µ20 = m20 − ax2
g

µ02 = m02 − ay2
g

µ11 = m11 − axgyg

� 	 b 	  �

0�H'H<FK=@2wY�Z<2wNR7�^_;>=@2-B@B@2
ȧ
STLC982CHJS'NR;>HJLC7:;R?A2Q`�2QH�=hST2

a
nI2G=32-B =3H�ZJN>NR2�9oFKZ<?~=AFKZJBhN>2-B

`rFIZ<^K2C`�2QH�=AB~7KZT=@?A2CB�Y�Z<2�4G2CZTqE7k=@=@2CHJSTZJB~ST2t=A?A7KHJBDNO7k=A;>FIH{NR2�N>FIH<flS<2tNc\ 7kqT2�FK9T=A;RY�Z<2�ST2
NR7�4C7:`�LQ?
7�BD;KN�\ FKV�� 2Q=]2CBD=[4G2CH�=@?AL~2G=�9J7K?A7KN>NRvQNR2~7:ZW9<NO7:HW;R`�7KfK2 �

A = B = xg = yg = 0

Gb

0�H'982CZT=t7KZJB@B@;<?A2Q`'7:?
Y�Z<2Q?�Y�Z<2�NR2�?ALCB@Z<N>=A7k=3FKVT=A2QH_Z�98FIZ<?hNR2CB�4QF_FK?
STFKH<HJLQ2CB~S<Z54G2CHI=A?@2
ST2*fI?A7 ^_;>=@L5S]\ Z<H�FKV�� 2Q=r2CH<fKNRFKVo2*4Q2QNRZ<;�STFKHJH<L52CH � 	 b �8 �t98FIZ<?�Z<H�FIV�� 2G=r9<Z<?A2Q`�2QH�=
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98FIHJ4z=AZ<2QNcb��hHx2 ��2G=-n89oFKZ<?�Z<Hx9oFK;RH�=CnJFIHx7
n20 = n11 = n02 = 0

2Q=�FKHP9o2QZ<=�9oFIB@2Q?
A = B = 0

S<7KHJB � 	 b 	 + �]9oFKZJ?�?@2Q=@?AFKZ<^I2Q?t2Gq<7K4G=@2Q`�2CHI= � 	 b �8 �cb
�_;�N�\ FKHPBC\ ;RH�=@LQ?A2CBAB@2l7KZTq5`�FK`�2QH�=
B�4G2QH�=A?@L-B�Sa\ FI?AS<?@2 !TnTFIH�7�7KN>FI?AB	(

Lµ20
= ( −3Aµ20 − 2Bµ11 −Bµ20 As20 + Bt20 + 4Cµ20

t20 −s20 2µ11 )
Lµ02

= ( −Aµ02 −2Aµ11 − 3Bµ02 As02 + Bt02 + 4Cµ02

t02 −s02 −2µ11 )
Lµ11

= ( −2Aµ11 − Bµ02 −2Bµ11 − Aµ20 As11 + Bt11 + 4Cµ11

t11 −s11 µ02 − µ20 )� 	 b 	 6 �
7 ^K2C4 (

s20 = 7xgµ20 + 5µ30 , t20 = 5(ygµ20 + µ21) + 2xgµ11

s02 = 5(xgµ02 + µ12) + 2ygµ11 , t02 = 7ygµ02 + 5µ03

s11 = 6xgµ11 + 5µ21 + ygµ20 , t11 = 6ygµ11 + 5µ12 + xgµ02

F=��N>2-B�`�FK`�2QH�=AB�4Q2QH�=@?ALCB�S]\ FI?AST?A2 	 B@FKH�=�STFIH<H<LCB�987:?
(

µ30 = m30 − 3xgm20 + 2ax3
g , µ21 = m21 − 2xgm11 − ygm20 + 2ax2

gyg

µ03 = m03 − 3ygm02 + 2ay3
g , µ12 = m12 − 2ygm11 − xgm02 + 2axgy

2
g

��H 4
6<FK;OB@;RBAB@7KH�={98FIZ<?
s
NR2CBrBD;>q"`�FK`�2QH�=ABrSa\ FK?
ST?A2�;>H<ijLQ?A;>2CZ<?EFIZ0LQf�7:N�M ! �

s =
(a xg yg µ20 µ11 µ02)

T
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r̂(t)
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r̂(t) = r̂(x(t), xc, yc, fx, fy,X)
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cPo − oRc

cṖo
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