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∅
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(
ẋp

ẏp

)
= Lxpyp

T +

(
(xp − xc)/f
(yp − yc)/f

)
ḟ

� 	 b ! � �
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7:`�LGX
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� NR7�H87k=@ZJ?@2W2G=�NO7�4GFIHT}JfKZJ?A7:=@;RFKH*S<2lNO7r9<?A;>`�;>=@;R^K2US<7KHJB�NR7�BA4GvCH<2 (

h(X, Y, Z, P1, ..., Pn) = 0
� 	 b ! � �

� B@7r9<?AF � 2-4z=A;>FIH�S<7KHJB�NR2�9<NR7KH*;R`'7:fI2 (

g(x, y, p1, ..., pm) = 0
� 	 b !�! �

� N>2 NR;>2CH 2QH�=@?A2yNO709J?@;R`�;g=A;>^I2 	 - 2G=PB@FKH ;R`'7:fK2 � 7:9J982CN>LC2 S<7KHJB*N>2 4Q7KB�Sa\ Z<H<2
9<?A;>`�;>=@;R^K2�^KFIN>ZJ`rLQ=@?A;RY�Z<2lNO7rB@Z<?@i�7K4Q2WS<2CB�NR;>`EV82-BQnT^IFK;R?�}JfKZJ?@2 	 b +  (

1/Z = µ(x, y, P1, ..., Pl) = 0,
� 	 b ! 	 �

� =@;>=@?A2wSa\ 2GqT2Q`�9<NR2Kn�BD;8Z<H<2wST?AFK;>=@2�S<2�N�\ 2CB@9J7I4G2�2CBD=h?A2Q9<?ALCB@2QH�=ALQ2�9J7K?�N�\ ;RHI=A2Q?
BD2-4z=A;>FIH
ST2CB�S<2QZTq59JNR7KHJB�BDZJ;>^k7:H�=
B(

h(X, Y, Z,P) =

{
h1 = A1X + B1Y + C1Z + D1 = 0
h2 = A2X + B2Y + C2Z = 0

� 	 b !.+ �

FKHxFIVT=@;R2QH�=w;R`�`rL-ST;O7k=@2C`�2QH�=l2CHPZT=@;RNR;RBA7:H�=�NR2CB�LCY�ZJ7:=@;RFKHJB�ST2UNO7�9<?AF � 2-4z=A;>FIH�9o2Q?
B@982-4zX
=@;R^K2 � 	 b � ! ��(
� NR7rijFIHJ4z=A;>FIH µ

Mr9J7:?@=@;R?�ST2
h1

(

1/Z = αx + βy + γ
� 	 b"!  �

7 ^K2-4
α = −A1/D1, β = −B1/D1

2Q=
γ = −C1/D1

b
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� N�\ LCY�ZJ7:=@;RFKH{S<23NO7wST?AFK;>=@2�!.-En-HJF:=@LC2 D n ?ALCB@Z<N>=A7:H�=[S<23NO7�9<?AF � 2-4z=A;>FIHUS<7:HJB[Nc\ ;R`'7:fK2ST2�NO7rS<?@FI;g=A2 	 -{n8ME987:?@=@;R?�ST2
h2

(

ax + by + c = 0
7 ^K2C4

a = A2, b = B2, c = C2
� 	 b !)6 �

m[7�9J7:?
7:`�LG=A?@;OBA7k=@;RFKH
(a, b, c)

H]\ LG=
7:H�=U9J7KBU`r;RH<;R`'7:NR2Kn�FIH 9<?@LQijvQ?A2�4
6<FK;OB@;>?�NO7�?@2QX
9<?@L-BD2CH�=A7k=A;>FIH

p = (ρ, θ)
S<LG}JH<;R2�9J7K?	(

g(x, y,p) = x cos θ + y sin θ − ρ = 0
� 	 b"! % �

F=�
θ = arctan (b/a)

2G=
ρ = −c/

√
a2 + b2

� ^KFI;>?�}8fKZ<?A2 	 b  zb

-

6

b b b
b b b
b b b
b

~X

~Y

θ

ρ

����������P�R�9H��JI	#B:0%�M&!$#&.0/ >5/�)�<5.
(ρ, θ)

FS#&!OF5% <5)*/B#&!H354

��H S<; ��LQ?A2QHJ4Q;R7KH�=0N�\ LCY�ZJ7:=@;RFKH � 	 b ! % � nU4G2 Y�Z<;54QFK?A?@2-BD9oFKHJS M N�\ 6_s_98FK=@6<v-BD2 Y�Z<2
N�\ ;>`'7KfK2ySa\ Z<H<2 ST?AFK;>=@2P?A2CBD=@2Q?
7 Z<H<2 ST?AFK;>=@2xY�Z<2QNOB5Y�Z<2 BDFI;>2CH�=�N>2-B�`�FKZ<^I2Q`�2QH�=
B5ST2
NR7�4Q7K`�LQ?
7<nTFKH�FKV<=@;R2QH�=�(

ρ̇ + (x sin θ − y cos θ) θ̇ = ẋ cos θ + ẏ sin θ , ∀(x, y) ∈ D � 	 b ! ( �
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� 9J7:?@=@;R?�ST2EN�\ LCY�ZJ7:=@;RFKH � 	 b"! % �cn<FIHPLC4Q?@;>=
x
2QHPijFIHJ4z=A;>FIHxST2

y
BD;

cos θ 6= 0
� FKZ

y2QHrijFKHJ4G=@;RFKH'ST2
x
B@;RH<FKH�[2Q=hN�\ LCY�ZJ7:=@;RFKH � 	 b ! ( �<9o2QZT=h7KN>FI?AB~BC\ LC4G?A;R?@2In-2CH�ZT=@;RN>;OBA7:H�= � 	 b �  �

2G= � 	 b"!  ��(

(ρ̇ + ρ tan θ θ̇) + y (−θ̇/ cos θ) = K1 T + y K2 T , ∀y ∈ R
� 	 b ! * �

7 ^K2C4 (

K1 = ( λ1 cos θ λ1 sin θ −λ1ρ sin θ − cos θ − ρ2/ cos θ −ρ tan θ )
K2 = ( λ2 cos θ λ2 sin θ −λ2ρ ρ ρ tan θ 1/ cos θ )

F=�
λ1 = −αρ/ cos θ − γ

2G=
λ2 = α tan θ − β

b
0�H�2QH�STL-STZ<;>=�7:ZJBAB@;g=Au:= (

{
ρ̇ = (K1 + ρ sin θ K2) T
θ̇ = − cos θ K2 T

� 	 b 	 � �

Sa\ FD� (

Lρ = ( λρ cos θ λρ sin θ −λρρ (1 + ρ2) sin θ −(1 + ρ2) cos θ 0 )
Lθ = ( λθ cos θ λθ sin θ −λθρ −ρ cos θ −ρ sin θ −1 )� 	 b 	 � �

7 ^K2C4
λρ = −αρ cos θ − βρ sin θ − γ

2Q=
λθ = −α sin θ + β cos θ

b
0�H 9o2QZ<=�?A2G=@?AFKZJ^K2Q?�N>2 `�pC`r2 ?@L-BDZJNg=
7k=�2CH 7:9<9JN>;OY�ZJ7:H�=�Nc\ L-Y�ZJ7k=A;>FIH � 	 b ! ( �*M

ST2QZTq�98FI;>H�=AB�ST2 D n~987:?�2GqT2Q`�9<NR2�4G2QZ<q�ST2P4GF_FK?
STFKHJH<LQ2-B ( ρ cos θ ρ sin θ
)T 2G=

(
ρ cos θ + sin θ ρ sin θ − cos θ

)T b
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N>;RHJST?A2CB �B@FKH�=�STFIH<H<L-B�2QH � 1�! � *)� � n84Q2EY�Z<;�9o2Q?A`�2G=WSTFKHJ4{Sa\ Z<=@;RN>;OBD2C?�2CHy7KBAB@2Q?A^�;OBABD2QX
`r2CH�=[^_;RB@Z<2CNIST2-B];RHTijFK?A`'7k=@;RFKH8B�!.- 7KBABDFT4Q;>LC2CBaM�4Q2CB]9J?@;R`�;g=A;>^I2CBCbQdeNK2-B =�ST2�9<NRZJB�98F�B@B@;>VJN>2
Sa\ 2CH5STL-STZ<;R?@2�NO7�`'7k=A?@;O4G2�Sa\ ;RHI=A2Q?
7K4G=@;RFKH'7KBABDFT4Q;>LC2�MUST2CBh;>H<ijFK?A`�7:=@;RFKHJBhSTLG}JHJ;>2-BhMW9J7K?DX
=@;R?3ST2�9JN>ZJB@;R2QZ<?
B~9<?A;>`�;>=@;R^K2-B � =A2QNRN>2-B�Nc\ FI?@;R2QH�=A7:=@;RFKH'Sa\ Z<H�B@2QfK`�2CHI=�FIZ'NR7�S<;RBD=A7KHJ4G2wS]\ Z<H
98FI;>H�=�M�Z<HJ2{ST?AFK;>=@2U9J7K?�2GqT2C`r9JN>2 zb8mh\ ;RHJ4QFKH_^KLCH<;>2CH�=�2-B =w=@FKZ<=�ST2U`�pQ`�2{Y�Z<2�Nc\ FKHPH<2
982CZT=h=A?A7 ^k7:;RNRN>2C?�YIZJ2wBDZJ?hST2CBh2QH_^_;>?AFKHJH<2Q`�2QH�=
B�F=��ST2�=A2QNRN>2-B�9<?A;>`�;>=@;R^K2-B�fKLCFK`�LG=A?@;OY�Z<2CB
2GqT;RBD=@2CH�= � Sa\ F=��N�\ 2Q`�9<NRFK;�N>2�9<NRZJBtij?ALCY�Z<2CHI=wS<2l9oFK;RH�=AB�4C7:?
7K4G=@LQ?A;OB =A;RY�Z<2-B�Gb
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-�2CBw=@?
7 ^k7:ZTq�?@L-4G2QH�=
B�FKH�=w9o2Q?A`�;RBlSa\ LG=A7KV<NR;>?�NR7�ijFI?@`�2{7KHJ7:NRs�=@;OY�Z<2UST2{NO7'`'7k=A?@;O4G2
Sa\ ;RH�=@2C?A7I4z=@;RFKH 7KBAB@F_4Q;>LC2�M ST2-B';RHTijFK?A`'7k=@;RFKH8BE^_;OBDZJ2QNRN>2-B�?@2C9<?@L-BD2CH�=A7:H�=�NR7 9<?AF � 2-4z=A;>FIH
S<7:HJB�N�\ ;>`'7KfK2PSa\ FKV�� 2Q=AB'ST2�ijFI?@`�2x4GFI`�9<N>2QqT2Kb -l7:HJB � 1 0lm *)* Van - 2 � *�* �cnhN>2-B'BD;>q
=@2Q?A`�2CBt4GFI?@?A2CB@98FIHJS<7KHI=tMUNO7U9J7K?D=A;>2l7 ''H<2�S<2�NO7�=A?A7KHJB ijFI?@`'7:=@;RFKH'2QH�=A?@2�N�\ ;>`'7KfK2�S]\ Z<H
FKV�� 2Q=/9<NO7:H�MlB@7w98F�BD;>=@;RFKHr4GFKZJ?A7KHI=A2h2Q=�Nc\ ;>`'7:fI23ST2�4Q23`�pQ`�2�FKV � 2G=~M�BA7�9oFIB@;g=A;>FIHESTL-BD;>X
?@LC2wBDFIH�=34GFIHJBD;OSTLC?@L-BQb.4hN>ZJB39<?ALC4Q;RB@LQ`�2QH�=-nIB@;

(x y)T
2Q=

(x∗ y∗)T
BDFIHI=3?@2-BD9o2C4G=@;R^K2Q`�2CHI=
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N>2-Bh4GF_FI?ASTFIH<H<LC2CB~S<7KHJB~Nc\ ;R`'7:fK2�4QFKZ<?
7:H�=A2�2G=3S<7KHJB~Nc\ ;R`'7:fI2�STLCB@;>?ALQ2�S]\ Z<H5`rpC`�2�98FI;>H�=
ST23Nc\ FKV�� 2Q=Cn-FKH{B@Z<9<9oFIB@23Y�Z]\ ;>N_2Qq_;OBD=@2hZJH�� 2QZrST23987:?
7:`�vG=A?@2-B

Θ = (a1 b1 c1 a2 b2 , c2)
T=@2QNRNR2UYIZJ2�NR7r?A2QNO7k=@;RFKH (

{
x = a1 x∗ + b1 y∗ + c1

y = a2 x∗ + b2 y∗ + c2

� 	 b 	 ! �

BDFI;g=�^k7:NR;OST2U9oFKZ<?�=AFKZJB�N>2-B�98FI;>H�=
B�ST2UNc\ FIV�� 2G=-bo132G=@=@2U6_s_9oF:=@6JvCB@2�H]\ 2-B =�`'7KN>6<2CZ<?A2QZJB@2GX
`r2CH�=U9J7KBW^ILQ?A;g}JLC2�98FIZ<?�Z<H<2�4C7:`�LQ?
7�`rFTSTLCN>;OB@LQ2�9J7:?�ZJH<2'9<?AF � 2C4G=@;RFKH 982C?AB@982-4z=A;>^I2Kb
-w2r9<NRZJBQnoNO7�`'7k=A?@;O4G2{S]\ ;RH�=@2Q?
7K4G=@;RFKHy7IB@B@FT4G;RLQ2UM

Θ
9<?@L-BD2CH�=@2UZ<HJ2{9o2Q?@=@2�ST2{?
7:H<f � ST2

6rM +�3N>FI?ABAY�Z<2�NR2�9<NO7:H�ST2�Nc\ FIV�� 2G=�2-B =�9J7K?A7KN>NRvQNR2l7KZ�9<NR7KH*;R`'7:fI2Kb
4~7:?�7:;RN>NR2QZ<?
BCnJBD;[N�\ FKHPSTL-4GFI`r9oFIB@2�2QHxB@LQ?A;R2UST2 /<FIZ<?A;>2C?�NR7�B@;RfKHJ7:=@Z<?A2W98FINR7K;>?A2

ρ(θ)ST2CBh98FI;>H�=AB34GFIHI=AFKZ<?
B~Sa\ Z<H�FIV�� 2G=3SJ7:HJB~Nc\ ;>`'7:fI2 � S<LG}JH<;R2�=A2QNRN>2lYIZJ2�N>2-Bh4GF_FI?ASTFIH<H<LC2CB
x2G=

y
Sa\ Z<HE9oFK;RH�=�S<Zr4QFKH�=@FIZ<?/BC\ LC4G?A;R^K2QH�= (

x = xg +ρ(θ) cos θ , y = yg +ρ(θ) sin θ
F=�

xg

2G=
yg

B@FKH�=3NR2CBt4GF_FK?
STFIH<H<LQ2-BhSTZ�4G2CHI=A?@2lST2lfK?
7 ^�;>=@L�ST2wNc\ FIV�� 2G= zn_;RNo2-B =�9oFIBABD;RV<NR2�ST2
4Q7:NO4GZJN>2C?�NR7�`'7:=@?A;R4Q2USa\ ;RH�=@2C?A7I4z=@;RFKHP7IB@B@FT4G;RLQ2�7:ZTq*=@2C?@`�2CB�ST2U4G2Q=D=A2{BDLC?@;R2 � 1 0lm *�* 7 � b
m�7EijFK?A`�2W7KHJ7:NRs�=@;OY�Z<2WFKVT=A2QH_Z<2W2CBD=w4G2C982CHJS<7:H�=�9o2QZPB@s�`�9J7:=@6<;OY�Z<2Kb

0�Hr982CZT=�LQf�7:NR2Q`�2QH�=~4Q7KNR4QZ<N>2C?�NR7l^k7:?A;R7:=@;RFKHrST2CB/`�FK`�2QH�=
B
mij

Sa\ Z<H�FKV � 2G=Cn:S<LG}JH<;OB
9J7:?(

mij(t) =

∫ ∫

D(t)

xiyjdxdy
� 	 b 	�	 �

F=� D(t)
2-B =rN>2�STFI`�7K;>HJ25FT4Q4QZ<98L*9J7:?rNc\ FIV�� 2G='S<7:H8B{Nc\ ;R`'7:fI25MxNc\ ;RHJBD=A7KHI=

t
b��_;�N�\ FKH

BDZ<9J98F�BD2�Y�Z<2�Nc\ FIV�� 2G=h4QFKHJB@;OSTLQ?AL�2CBD=�9<NR7KH�FKZ'ST2�B@Z<?Di�7I4G2�ST2-B~N>;R`{Vo2CBh9<NO7:H<2�2G=tSa\ L-Y�ZJ7kX
=@;RFKH

1/Z = Ax + By + C
n8FIHPFKVT=A;>2CHI=l98FIZ<?wNc\ 7:;R?@2

a (= m00)
2Q=�NR2CBw4QF_FK?
STFKH<HJLQ2CB

xg(= m10/m00)
2Q=

yg(= m01/m00)
STZP4Q2QH�=@?A2�ST2�fK?
7 ^_;g=ALlST2WNc\ FIV�� 2G=�(

La= ( −aA −aB a(3/Zg − C) 3ayg −3axg 0 )
Lxg

= (−1/Zg 0 xg/Zg + ε1 xgyg + n11 −(1 + x2
g + n20) yg )

Lyg
= ( 0 −1/Zg yg/Zg + ε2 1 + y2

g + n02 −xgyg − n11 −xg)� 	 b 	 + �
7 ^K2C4

1/Zg = Axg +Byg +C
n
ε1 = An20+Bn11

n
ε2 = An11+Bn02

2G=�FD�
n20, n022G=

n11
BDFIHI=�NR2CB�`�FK`�2CHI=
B�4G2CH�=@?ALCBtH<FK?A`'7:NR;RB@LCB�Sa\ FK?
ST?A2 !�S<LG}JH<;OB�9J7K?(

nij = 4µij/a
7 ^I2C4





µ20 = m20 − ax2
g

µ02 = m02 − ay2
g

µ11 = m11 − axgyg

� 	 b 	  �

0�H'H<FK=@2wY�Z<2wNR7�^_;>=@2-B@B@2
ȧ
STLC982CHJS'NR;>HJLC7:;R?A2Q`�2QH�=hST2

a
nI2G=32-B =3H�ZJN>NR2�9oFKZ<?~=AFKZJBhN>2-B
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Lµ20
= ( −3Aµ20 − 2Bµ11 −Bµ20 As20 + Bt20 + 4Cµ20

t20 −s20 2µ11 )
Lµ02

= ( −Aµ02 −2Aµ11 − 3Bµ02 As02 + Bt02 + 4Cµ02

t02 −s02 −2µ11 )
Lµ11

= ( −2Aµ11 − Bµ02 −2Bµ11 − Aµ20 As11 + Bt11 + 4Cµ11

t11 −s11 µ02 − µ20 )� 	 b 	 6 �
7 ^K2C4 (

s20 = 7xgµ20 + 5µ30 , t20 = 5(ygµ20 + µ21) + 2xgµ11

s02 = 5(xgµ02 + µ12) + 2ygµ11 , t02 = 7ygµ02 + 5µ03

s11 = 6xgµ11 + 5µ21 + ygµ20 , t11 = 6ygµ11 + 5µ12 + xgµ02
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µ30 = m30 − 3xgm20 + 2ax3
g , µ21 = m21 − 2xgm11 − ygm20 + 2ax2

gyg

µ03 = m03 − 3ygm02 + 2ay3
g , µ12 = m12 − 2ygm11 − xgm02 + 2axgy
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s =
(a xg yg µ20 µ11 µ02)
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ũ + (1 − BD;RHJ4
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