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Through a New Estimation Scheme of Camera Displacement
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Abstract. Classical visual servoing techniques need a strong a priori knowledge of the shape and the dimensions of
the observed objects. In this paper, we present how th& PVisual servoing scheme we have recently developed,

can be used with unknown objects characterized by a set of points. Our scheme is based on the estimation of the
camera displacement from two views, given by the current and desired images. Since vision-based robotics tasks
generally necessitate to be performed at video rate, we focus only on linear algorithms. Classical linear methods
are based on the computation of the essential matrix. In this paper, we propose a different method, based on the
estimation of the homography matrix related to a virtual plane attached to the object. We show that our method
provides a more stable estimation when the epipolar geometry degenerates. This is particularly important in visual
servoing to obtain a stable control law, especially near the convergence of the system. Finally, experimental results
confirm the improvement in the stability, robustness, and behaviour of our scheme with respect to classical methods.
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1. Introduction in the image and the 3D motion of the camera mounted
onthe end-effector of the robot. If translational motions
Standard eye-in-hand visual servoing approaches, thathave to be controlled (which is generally the case), it
is position-based and image-based visual servoings,thus depends on the depth from the camera to each
need a strong a priori knowledge of the 3D model of considered geometrical feature. Once again, a pose es-
the observed object (Weiss et al., 1987; Hashimoto, timation algorithm is generally used to estimate the
1993; Hutchinson et al., 1996). On one hand, in 3D parameters involved in the interaction matrix. In
position-based visual servoing, the features used as in-some cases (Espiau et al., 1992), a coarse approxima-
puts of the control scheme are expressed in the 3D tion, corresponding to the value of the interaction ma-
Cartesian space (Wilson et al., 1996). To compute such trix computed at the desired robot position, is sufficient.
features, the pose of the object with respect to the cam- However, an a priori knowledge on the 3D shape and
era is estimated at each iteration of the control law. dimensions of the observed object is still necessary to
Numerous methods exist to recover the pose of an ob- determine the desired value of the same 3D parameters.
ject (see Dementhon and Davis (1995) for example), Another method in image-based visual servoing con-
but they are all based on the knowledge of a perfect ge- sists in numerically estimating the coefficients of the
ometric 3D model of the object. On the other hand, in interaction matrix, without taking into account its ana-
image-based visual servoing, the visual features usedlytical form (Hosoda and Asada, 1994; Jgersand et al.,
as inputs of the control scheme are directly expressed1997). Contrarily to the previous ones, this method does
in the 2D image space (Espiau et al., 1992). However, not need any 3D a priori knowledge. However, it is un-
the internal part of the control scheme relies on an es- fortunately impossible to demonstrate and to ensure its
timation or an approximation of the interaction matrix stability.
(also called image Jacobian). This matrix describesthe In this paper, we present how the 221D visual
relationship between the motion of the visual features servoing scheme we have recently developed (Malis,
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1998; Malis et al., 1999), can be used with unmodeled see that all these parameters can be determined from
objects. As will be detailed later, this scheme does not an Euclidean reconstruction up to a scalar factor. Such
necessitate any 3D knowledge of the considered object,a reconstruction can be obtained from two images of
which increases the versatility and the application area an unknown object characterized by a set of points (as-
of visual servoing. Furthermore, this scheme combines sumed to be matched) (Jerian and Jain, 1991; Faugeras,
the advantages of classical visual servoings techniques1993). In our case, the firstimage is the desired one (ac-
and avoids their respective drawbacks. More precisely, quired at the desired robot position during an off-line
the first drawback in position-based visual servoing is learning step), while the second image is the current
that none control is performed in the image, which im- one (acquired at each iteration of the control law).
plies that the object may get out of the camera field The same idea of using an unknown object in visual
of view during the servoing (leading of course to its servoing has been recently presented in Basri et al.
failure), especially if the initial robot position is far  (1998). However, the control scheme described in that
away from its desired one. The second drawback is that paper corresponds to a classical position-based visual
strong hypotheses have to be stated in order to demon-servoing, which means that it is subject to the draw-
strate the stability of the system (Chaumette, 1998). backs of this approach we have recalled above. Further-
Image-based visual servoing also suffers from several more, the Euclidean reconstruction is obtained from the
drawbacks (Chaumette, 1998): first, the interaction ma- essential matrix, and we will show in this paper that it
trix may become singular during the servoing, which implies an unstable behaviour near the convergence of
of course leads to an unstable behaviour. Second, lo-the system.
cal minima may be reached, which means that the final The Euclidean reconstruction from two views is well
robot position does not correspond to the desired one. known to be the motion and structure from motion
If another control strategy is used to avoid potential problem. Itis, by its own nature, non-linear. Therefore,
local minima, the motion in the image becomes unpre- the classical approach to solve this problem is com-
dictable, which means that it is impossible to ensure posed of two steps: using first a linear algorithm to pro-
that the object will always remain in the camera field vide an initialisation to a non-linear algorithm (Jerian
of view. Furthermore, the robot trajectory may not be and Jain, 1991). In this paper, we point out our attention
satisfactory because of the strong coupling in the coeffi- only on the first linear stage, since the time processing
cients of the interaction matrix. Finally, even ifimage- of non linear algorithms are generally not compatible
based visual servoing is known to be very robust in with the rate of visual servoing schemes (that have to be
practice with respect to camera and robot calibration as close as possible to the video rate). Several methods
errors (Espiau, 1993), it is in general impossible to ex- were proposed to linearly solve the motion and struc-
hibit exploitable analytical stability conditions. ture from motion problem. They are generally based
As already described in Malis etal. (1999) whichwas on the computation of the fundamental matrix (Luong
devoted to the automatic control part of our scheme, and Faugeras, 1996) if pixel image points coordinates
2 1/2 D visual servoing consists in combining visual are used, or of the essential matrix (Longuet-Higgins,
features obtained directly from the image, and esti- 1981; Hartley, 1997) if normalized image points co-
mated 3D information. As will be recalled in Section 2, ordinates are used. However, the epipolar geometry
we thus obtain a block-triangular interaction matrixthat degenerates in some cases (for example if the mo-
provides interesting decoupling properties. As detailed tion is a pure rotation or if the considered object is
in Malis (1998), Malis et al. (1999), it is also possi- planar (Longuet-Higgins, 1984)). If such degenerate
ble to be sure that the convergence will be ensured andconfigurations are not detected, the estimation of mo-
that the object will remain in the camera field of view tion and structure will be completely unstable in their
whatever the initial robot position. Analytical condi- neighbourhood, which will induce an unstable and thus
tions to ensure the global stability of the system even unsatisfactory behaviour of the control scheme. Unfor-
in the presence of calibration errors have also been tunately, in visual servoing, the displacement that the
determined. In this paper, we focus on the estimation robot has to realize is of course unknown, and it may
of the 3D parameters involved in our control scheme. be possible to encounter a degenerate case even for the
If a 3D CAD model of the object is available, it is initial robot position. Moreover, a positioning task is
of course possible to obtain these parameters using aachieved when the two considered images of the ob-
classical pose estimation algorithm. However, we will ject are the same (image noise measurement excepted),
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which of course corresponds to a degenerate case forcases, our visual servoing scheme does not present such
the epipolar geometry. Dealing with these degenerate discontinuities.
configurations is thus particularly important in visual The paper is organised as follows. In Section 2, we
servoing. describe the 22 D visual servoing scheme and show
The motion and structure can also be estimated from which information provided by an Euclidean recon-
an homography matrix related to a virtual plane at- struction is needed to design it. In Section 3, we review
tached the object (Faugeras and Lustman, 1988; Zhangthe classical linear methods to compute the fundamen-
and Hanson, 1995). The homography matrix may be tal matrix and then to extract the motion from the cam-
estimated jointly to the epipole using, for example, the eraintrinsic parameters and the essential matrix. In Sec-
“virtual parallax algorithm” (VP) (Boufama and Mohr,  tion 4, we propose an algorithm for the estimation of a
1995). However, we will see that the epipole estima- collineation relative to a virtual plane attached to an un-
tionis unnecessary for the homography estimation. The known three-dimensional object characterized by a set
number of unknowns using the VP algorithmis thus not of points. Knowing the camera internal parameters, the
minimal if we are only interested in the estimation of displacement of the camera can be extracted from the
the motion and structure (which is the case in our vi- corresponding homography matrix. In Section 5, we
sual servoing problem). Furthermore, there are three compare our approach with the classical algorithms,
supplementary epipolar configurations where it is im- especially in the particular case when the epipolar ge-
possible to extract the homography matrix with the VP ometry is close to be degenerate. Finally, experimental
algorithm. results obtained using an eye-in-hand system are pre-
For these reasons, we propose a new method, agairsented in Section 6.
based on virtual parallax, for the direct estimation of the
homography matrix relative to a virtual plane. Withan 2. The 2 1/2 D Visual Servoing
adequate choice of the three points defining the virtual
plane, we will see that it provides more stable results One of the typical applications of visual servoing con-
than the classical methods in the degenerate configura-sists in positioning an eye-in-hand system relative to an
tions for the epipolar geometry, as soon as image noise object, for a grasping task for instance. Generally, the
measurements are taken into account. Indeed, even ifpositioning task is divided into two steps. In a first off-
the degenerate cases are common to any reconstructiorine learning step (see Fig. 1), the camerais movedto its
method, numerical stability of the estimation depends desired position with respect to the object (which corre-
of the chosen method, and we explain in this paper why sponds to camera pos€). The corresponding image
the one we propose gives satisfactory results. We haveis acquired and the extracted visual features are stored.
however to note that the problem of features match- In the second on-line step, after the camera and/or the
ing has not been considered. Our method, in its cur- object have been moved, the camera motion is con-
rent form, is thus unable to take into account potential trolled so that the current visual features (correspond-
outliers. ing to camera pos#&) reach their desired position in
The use of planes and parallax for motion estima- the image. In other words, the rotation matRxand
tion has also been studied in Irani et al. (1998) and the translatiort betweenF and F* have to reach the
Criminisi et al. (1998), but using the hypothesis that identity matrix and O respectively.
four coplanar points can be extracted in both images.
We will see that the method we propose does not
need any hypothesis. Furthermore, the issue of han-

dling degenerate situations has been recently addresse i _ N
in Torr et al. (1998), switching from epipole to ho- &3 A
mography estimation when degeneracies occur. How- F
ever, in presence of noisy measurements, detecting
such degeneracies is very complex. Moreover, even

(a)

if the detection is perfectly realized, a discontinuity

of the estimation will be obtained at each change of (b)
the used method if image noise and calibration errors Figure 1 Visual servoing with an eye-in-hand system. (a) Final
exist. Since we use the same estimation method in all position; (b) Initial position.
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The 2D ¥/2 visual servoing scheme consists incom- and:
bining 2D image features and 3D information. More
recisely, the feature vector used as input of the con- 0 sing@
precisely P Lw=|3—5[u1x+<1 ‘“)[uli @

trol law is selected as: B sincz(%)
s=[x,y,z6u"]" 1) with sing@) = sin(8) /6, [u] « being the antisymmetric
matrix associated to.
where: The determinant of , is
e x andy are the normalized metric coordinates of an detlL,) = ; (5)
image point, computed from the coordinates of this sinc(9/2)

point measured in pixels and an estimation (generally
coarse) of the camera intrinsic parameters;
e z=log Z, Z being the depth of the considered point;
e 0 andu are respectively the angle and axis of rotation
extracted fronR.

and it is thus singular only fof = 2kz, Vk e Z* (i.e.
out of the possible workspace). We have also the fol-
lowing nice property:

L,20u=6u (6)

The task functione, that has to be regulated to
0 (Samson et al., 1991), is directly obtained from the
error(s— s*), wheres* is the desired value fa& More
preciselyeis given by:

We can note that is singular only in degenerate cases
(such asZz = 0 and ¥Z = 0). Finally, if the object
is known to be motionless and if a simple exponential
decrease of each componened specified, we obtain
T the following control law:

e=[x—x" y-y', logp, 6u'l" (2

v=-xLte 7)

where the first two components efare directly com-
puted from the current and desired images, and the last,yherey, tunes the convergence rate. More precisely, we
four components of are composed of 3D information  paye-
that have to be estimateg,being defined as the ratio

Z/Z* between the current and desired depths of the X — X*
selected point. ZLY —zLW,, y—y*

It is shown in Malis (1998), Malis et al. (1999) that Vv = —A [ v ' } | (8)
the corresponding interaction matrix, defined such that 0 I3 09p

é = L, wherev is the camera velocity screw, is an fu

upper block-triangular matrix given by: o .
If the CAD model of the object is known, a classical

1L pose estimation algorithm can be used, and all the val-
L = |: z-v ""’} (3) ues involved in (8) are available at each iteration. Oth-
0 Lo erwise, if we deal with an unknown object, we can use

an Euclidean reconstruction between the current and
where: desired views, as we are going to see in the following
sections. In that cas@,= Z/Z* anduf can be com-

-1 0 x puted, and the only unknown parameter is the d&pth
Lv= 0 -1 vy However,Z can be writtenZ = pZ* and the only un-

0 0o -1 known parameter of our control scheme becomes the
constant scalar valug*. Furthermore, this value has
not to be precisely determined (by hand in the exper-

Xy 14Xy iments) since, as demonstrated in Malis et al. (1999),

L 5 it has a small influence on the stability of the system.
vo = | (1+y9) Xy =X In practice, an approximate value is chosen during the
-y X 0 off-line learning stage.
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Finally, if we consider possible calibration and mea-  Furthermore, it is well known that the local asymp-

surement errors, the control law is given by: totic stability of the closedl—loop system is ensured if
.1 all the eigenvalues of.L ~ are positive. Similarly,
v=-aL e ) the global asymptotic stability is ensured (which im-

plies the decreasing dfe|| at each iteration) if the

sufficient conditiori_AL_1 > 0 is satisfied. Determin-
ing analytical and practical conditions for the stability

A a—1 A a—1n of image-based and position-based visual servoings is
f_‘l _ Z'pL, —Z'%L, Luw (10) in general impossible (or under very strong hypothe-

0 I3 ses (Chaumette, 1998)). On the other hand, thanks to

. the nice form oL andL 71, itis possible to determine,
Letus emphasise that ~ is an upper triangular square  when an Euclidean reconstruction is performed, the
matrix without any singularity in the whole task space. necessary and sufficient conditions for local asymptotic
The stability and convergence of the control law can stability, and sufficient conditions for global asymp-
thus be obtained for any initial camera position such totic stability in the presence of camera calibration er-
that the considered object is in the camerafield of view. rors (see Malis (1998), Malis et al. (1999) for more de-
Furthermore, such a decoupled system provides a sat-tails). For example, it is possible to determine bounds
isfactory camera trajectory in the Cartesian space. In- on Z* in function of calibration errors such that the
deed, the rotational control loop is decoupled from the global stability of the system is ensured whatever the
translational one (see Fig. 2), and the chosen referenceinitial camera position.
point is controlled by the translational camera d.o.f.  We now describe how the 3D parameters involved in
such that its trajectory is a straight line in the state our control law can be estimated from a set of matched
space, and thus in the image. If a correct calibration points in the current and desired images.
is available, this point will thus always remain in the
camera field of view whatever the initial camera posi-
tion. Of course, this property does not ensure that al
the object will remain visible. In practice, it is possible
to change the point during servoing, and we can select ) , ) ,
as reference point the nearest the bounds of the image'n this section, we review the classical approac_h to re-
plane. However, this solution leads to a discontinuity COVer the displacement of a camera from two views of
in the translational components of the camera velocity 21 Unknown object. In our case, the first image corre-
at each change of point. Another strategy is to select SPONds to the desired one (acquired during the off-line
the reference point as the nearest of the center of grav-'€arning step), and the second image to the current one
ity of the object in the image. This would increase the (acquired at each iteration of the control law). The de-

probability that the object remains in the camera field S'ied position of the camera optical centre is denoted
of view, but without any complete assurance. In Malis €+ While its current position is denotéi(see Fig. 3).

) o ) 3 -
et al. (1999), an adaptive control law is proposed to | N€ Perspective projection of a poift € P*in the
deal with this problem. first image is denoteg@* (with homogeneous coordi-

nategp* = [u* v* 1]T). Similarly, the projection oP
in the second image is denotpdwith homogeneous
i i P coordinatep = [u v 1]7). p and p* are measured in
- ' e R b t .
ug’ : Position = opot 1 Camera | pixels and are assumed to be matched.

A Aol
whereé is the measured value efandL ~ is an ap-
proximation ofL ~*:

| 3. Camera Displacement from the
Essential Matrix

Rotation

3.1. The Epipolar Geometry

Control law

It is well known that the plane defined by the three
E—— — po@ntsC, C* andP in_tersects_ the i_mage planes in two
estimation extraction epipolar lines. The first one is defined y*, €*), and
the second one, denoté&ds defined by(p, e), where
Figure 2 Block diagram of the 22 D visual servoing. €* ande are the epipoles (i.e., the projection®and
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Figure 3 Epipolar geometry.

C* in the image planes). Using projective coordinates,
the epipolar lind can be written:

| =p AGyp* (11)

whereG,, is the collineation relative to the plane at
infinity (Faugeras, 1993). Since the epipeléies on
line I, we havel"e=0, which can be written, using
Eqg. (11), as:
T *

p'Fp*=0 (12)
whereF = [€] .G is the fundamental matrix €] is
the crossproduct matrix associated to vegoin the
general casdf; is rank 2, which implies a non-linear

constraintonthe nine entriesl{Luong and Faugeras,
1996).

3.2. Fundamental Matrix Estimation

We now review two linear algorithms to estimate the
fundamental matrix. We remind that we only con-
sider linear algorithms because of time processing con-
straints imposed by visual servoing.

3.2.1. The Eight Points Algorithm. The classical ap-
proach to compute the epipolar geometry is the eight
points algorithm (Longuet-Higgins, 1981; Hartley,
1997). Since Eq. (12) is true for each pair of points
(pj. pT), it is possible to obtain a linear systemnif
pairs are available:

Cif=0 (13)

where:
f=1fu1 f12 fiz o1 foo fag far fap fag f]7

are the 9 unknown entries &f andCy is a () x 9)
measurement matrix. System (13) is homogeneous and,
sinceF is defined up to a scale factor, a minimum of

8 pairs of points are necessary to solve (13). In pres-
ence of noise, the linearized estimation problem can be
written:

minimuny||C+f||

. (14)
subjectto |f| =1
The solution of this problem is obtained by perform-
ing the Singular Values Decomposition (SVD) of the
measurement matri® = USV' . The solutiorf of the
system is the column of corresponding to the mini-
mal singular value o8 (0 in absence of noise).

Let us remark that, if the epipole is undefined in the
image (for example if the motion is a pure rotation
or if the object is planar (Longuet-Higgins, 1984)), the
fundamental matrix is also undefined, which implies an
unstable estimation near this particular case. We will
see in Section 4 that the method we propose is able to
adequately deal with this problem.

Furthermore, we can note that this method does not
take into account the rank 2 constraint on the funda-
mental matrix. This constraint is generally introduced
a posteriori using a non-linear algorithm (Deriche et al.,
1994; Luong and Faugeras, 1996). Since the aim of this
paper is to focus on linear algorithms, the non-linear
criteria are not detailed here.

3.2.2. The Virtual Parallax Algorithm. To simplify

the computation of matrix-, Boufama and Mohr
(1995) perform a change of projective coordinates us-
ing 4 matched points in each image. These points are
chosen such that not any three of them are collinear
in the images. LetM and M* be the matrices of
change of coordinates, of dimensi@ x 3), respec-
tively calculated as a function gy, p2, p3, p4 and

P3. P53, P5, P,- The image point$; = [G; 7; w;]" and

pr = [0 5 w;]" in the new coordinate system are
given byp; = M~*p; andp; = M*~'p*. Choosing

[P1 P2 P3] = [P} P5 P31 = 15 for the first three points,
the collineation matri>xG, related to the plane de-
fined by these three points, is diagonal when expressed
in the new coordinate system:

G = M~ 'GM* = diag(§u, Gu, Gu) (15)
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Then, the fundamental matrix can be written in the new
coordinate system a@ = [&],G whereé = M~le

is the epipole in the new coordinate system. Using
Eq. (12), we obtain:

p[E.Gp* =0 (16)
which is polynomial of degree two in four unknowns
(i.e., two unknowns for the epipole and two unknowns
for the diagonal collineation matrix since they are
defined up to a scale factor). After few develop-
ments, Eq. (16) can be written as (Boufama and Mohr,
1995):

Csf

0 (17)

wheref = [&§. &J. &0 &0. &0, &8.]". This
new equation is linear homogeneous in 6 unknowns.
Then at least five points not belongingitare needed

85

3.3. The Essential Matrix

The fundamental matrik is estimated using pixel im-
age coordinates. Frof the essential matrik can be
computed as follows:

E=ATFA (18)
A being a non-singulaf3 x 3) matrix containing the
intrinsic parameters of the camera:

fky —fkycot®) ug
fk
A= v 19
sing) ° (19)
0 0 1

whereug and vy are the coordinates of the principal
point (in pixels), f is the focal length (in metersl,
etk, are the magnifications respectively in thandv
direction (in pixels/meters), ardis the angle between
these axes.

Matrix E must satisfy the Huang-Faugeras con-

to solve linearly the problem. Ifn (m > 5) points
are available, the matrig ; is of dimension ih x 6),
and the system can be solved by performing the SVD
of C; = USV'. Once again, the solutiohis the
column of V corresponding to the minimal singular
value of S (0 in absence of noise). After the vectfor
is obtained, the original unknowns can easily be deter-
mined. where rotation matriR and translatiot represent the

As in the previous case, this method is inadequate camera displacement betwegrandF*. The Huang-
when the epipole is undefined in the image. Further- Faugeras constraints can be imposed a posteriori by
more, there are three supplementary singular casesusing the algorithm of Tsai and Huang (1984) to es-
where the collineation matri§ cannot be estimated. timate the motion parameters. This method has been
Indeed, ifée = [1 0 0]", only §2/§s is known; ifé = proved to be optimal by Hartley (1992). Fram the
[010]", only §/83 is known; and, it =[00 1], rotation matrixR and the direction of translatiar||t]|
only §1/8. is known. If these particular cases can be can thus be directly calculated. All the values involved
detected, another algorithm can be used. However, inin our visual servoing scheme (except of course)
presence of noise, the detection of such particular casesare thus available: axis and angle® directly fromR,
is quite difficult and, if the detection fails, the results while p is given by ”[H?;]RHTTH.
will not be accurate since zero values estimationis very  If the camera is coarsely calibrated (which is gener-
sensitive to numerical errors. ally the case in visual servoing), itis clear that, even if

The main advantage of the virtual parallax algorithm F is perfectly estimated; will be biased, which will
with respect to the eight points algorithm is that, even induce errors on the estimation of the motion parame-
degenerating in the above singular cases, it can pro-ters. The closed-loop control used in visual servoing is
vide the collineation matrix, which is always defined generally able to overcome such problems. In fact, as
contrarily to the fundamental matrix. However, in this already explained, the main problem encountered with
algorithm, the collineation matrix estimation depends the above methods occurs when the epipolar geome-
onthe epipole estimation, and the number of unknowns try is undefined, which is unfortunately the case when
is not minimal. For these reasons, we propose in Sec-the camera comes near its desired position. Near con-
tion 4 amethod that determines directly the collineation vergence, unstable estimations will cause an unstable
matrix without estimating the epipole. control law, which leads of course to an unsatisfactory

straints (Huang and Faugeras, 1988):=o0, and
o3=0 (whereoy, o, andos are the singular values
of E). Indeed E can be also written as the product of a
skew-symmetric matrix and a rotation matrix:

E =[t].R (20)
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behaviour. In the following section, we propose a dif- loss of generality. Equation (21) is valid for all points
ferent method to estimate the parameters involved in lying onx. Therefore, if the considered object is known
our visual servoing scheme. We will see in Section 5 to be planar and if more than three points are available,
that it provides more stable results near convergence,the 8 unknown entries @ can be estimated by solving

and is thus more adequate in visual servoing. a simple linear homogeneous system obtained from
pi A Gp = 0.
4. Camera Displacement from the Now, let us suppose that the structure of the object is
Homography Matrix not planar. If a poinP; does not belong ta, the line

(C*Pj) and planer intersect in a virtual 3D poinPj'
We now propose a linear algorithm to directly estimate (see Fig. 4)Pj' andP; project on the same poipq in
the homography matrix relative to a virtual plane at- the first image and on two different poings;(and the

tached to the object. virtual pointp’j = Gpj) in the second image (parallax
effect). The equation of the epipolar lihecan be now

4.1. The Virtual Parallax written as follow:

Let us consider three 3D point of the object{ = lj = pj AGp’ (22)

1, 2, 3). We will see at the beginning of the next sub-
section how these points have to be chosen in practice.
We here only consider that they are not collinear in 4.2. Collineation Estimation
both images, and thus define a virtual plane, denoted
7 (see Fig. 4). Itis well known that each image point Our approach, similar to the one proposed in Couapel
with projective coordinatep; in F, is related to the  and Bainian (1995), is based on the constraint that alll
corresponding image point with projective coordinates the epipolar lines meet in the epipole. Hence, for each
p in F*, by a collineatiorG such that (Faugeras and  set of three epipolar lines (22), we have:
Lustman, 1988):

[ li]=0 (23)

pi xGpf {i=1,23} (21)
which means:

whereG is a homogeneous full rank (8 3) matrix.
Let us remark thaG is defined up to a scalar factor, . . .
therefore one of the entries Gfcan be set to 1 without [Pj AGP] PkAGPE PAGH =0 (24)
However, Eqg. (24) is non-linear with respect to the
entries of the collineation matrix. In order to sim-
plify the computation ofG, a change of projec-
tive coordinates is performed. In contrast with Bo-
ufama (1995) and Couapel (1995), the change of co-
ordinates matrice and M* are constructed using
only the three reference points chosen to define
. The transformation matrices are given bM/=
[P1 P2 p3] and M*=[p; p; p3]. Choosing again
[P1 P2 Pa]l= [P; P P3]1=13, the collineation matrix
G in the new coordinates system is diagor@l:=
M ~1GM* =diag(@y, §,, .,). Itis clear that the choice
of the three reference pointsis importantin our method.
In order to obtain an accurate and robust estimation,
this choice is done automatically by selecting the three
points which maximize the surface of the correspond-
ing triangle in both images. Furthermore, we can note
Figure 4 Virtual parallax. that the change of coordinates normalizes the data,
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which is very important to obtain an accurate estima- mogeneous system:
tion in the projective domain (Hartley, 1997).

Equation (24) can be written in the new coordinate %X X 0
system as: s 0 X3
—X7 X3 0 -
i o %7 0 —xg || %
|Pj AGP; PxAGP; PIAGR|=0 (25) % % 0 g [=0 (27
%4 0 % | L%
This equation based on virtual parallax is homoge- X6 0 X
neous and polynomial of degree three. Contrarily to | 0 —X X3 |

Eq. (16) used in the virtual parallax algorithm, Eq. (25)

does not depend on the epipole and contains only Contrarily to the algorithms described in the previ-
three unknowns. This is particularly important since ous section, the collineation matrix can be better esti-
the three singular cases of the virtual parallax method mated because the dimension of the problem is reduced
(8=[100]", etc.) are not degenerate in our method. and the epipole estimation is avoided. Furthermore, our
Furthermore, since the estimation of the epipole is un- method does not seem to introduce any new degenerate
necessary in our visual servoing scheme, we have nocase. We explain now why this method provides indeed
interest in introducing its components as supplemen- more accurate results when the epipolar geometry de-
tary unknowns. In other words, we benefit by the well generates (in Sections 5 and 6 are given the experiments
known numerical analysis property that a more robust which confirm the following theoretical results).
solution with respectto noiseis obtained whenthenum-  The epipolar geometry degenerates when the pro-

ber of unknowns is minimal. jections of corresponding points are related by a
After computation, (25) can be written under the collineation. This happens when all 3D points lie on
form: a plane or when the camera performs a pure rotation.

In this case, the columns of the determinant in Eq. (24)
become null. However, they are not null for aiy §.,

8. since the collineation matrix is always defined and
unique. Indeed§,, §, andg, have to verify Eq. (26),
where the entries of the measurement ma@jxare  thatis:

given in Appendix, and:

Cox=0 (26)

1020, + C20°Gu + 2028, + €465
xT = [ 620, 626y 620, G20, G20u 620, Gu0.0u | +¢50%8u + €605 Gy + C76u8,G, =0 (28)

If the matched points are related by a collineation, we

There aren!/(6(n — 3)!) possibilities to choose three have:

different epipolar lines in a set af epipolar lines
(one line for each point in the image). We thus obtain

a gb 0 O a*
m = n!/(6(n—3)!) equations and seven unknowns. At 5l = % g O 7 (29)
least eight points (three reference points and five sup- o 0 6’ g .

plementary points) are thus needed to solve the prob-
lem, exactly as in the previous algorithms. Once again,
the problem can be solved by performing the SVD of
Cg = USVT and by selecting as solution the column

We show in Appendix that the coefficients of Eq. (28)
become in that case:

of V corresponding to the minimal singular value (0 in o a o
absence of noise). Howeve€lg is of dimensioninx 7) =% G=-Z=, GB=—%-—,
. . . gugv gugu gugw

with m > 7. In practice, we prefer to obtain the same
solution from the SVD o2; Cg = VSTSV', which is e o« e O
of dimension(7 x 7). Memory space and time process- 4= 920, %= 920, 6= 920,

ing are thus minimized. Finally, the original unknowns
can be computed by solving the following linear ho- c;=0
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wherea # 0 except if the three considered points are placement around these singular configurations will be
collinear. Settingj,, = §,, = 1 without loss of gener-  more accurate when performed from the collineation
ality, Eq. (28) can be factorized as follows: matrix than from the fundamental matrix. As already
stated, this is particularly important in visual servoing,

a(Gu — Gu) (8 — §v) (6uGy — G,G0) = O (30) since a positioning task is achieved when the camera
displacement is null, which corresponds to a null pure

We thus obtain three different sets of solutions: rotation.
{Gu = Qu, V8o }. A A _
{Gv = v, VQul, a1 4.3. The Homography Matrix
{gu = _gug:, } The corresponding matrix & in the calibrated domain
9,¥9y is the homography matrik. The transformation be-

) ) . ) tween the pixel coordinatgs= [u v 1]T and the nor-
It is worth noting that all these solu~t|ons_m<~aet N & malized coordinatem =[x y 1]7 of an image point
single solution, thatis the expected 0gg= Gu, G, = is known to bep = Am whereA is given in (19). The
G- In absence of noise, we could easily detect that a 5 1q4raphy matrix can be written as a function of the

degenerate case occurs (inthat case, the radiisfl), calibration parameters and of the collineation matrix
and obtain the exact solution §s = §, = —C4/C, = as follows:

cs/Cz andg, = §, = —Cz/C1 = Cg/Cs. In the presence

of noise, even if we consider that it is impossible to

detect that we are in a degenerate case, the nice property H=A"GA (32)
that all sets of solutions have a unique common solution

ensures that the solution obtained from (26) will be near

this common solution, that is the real one. Of course,

the error between the obtained result and the real value
is directly related to the level of noise.

On the other hand, estimating the epipolar geome-
try through the fundamental matrix in the degenerate H=R+ t n*T (33)
cases leads to very unstable results. Consider for ex- d*
ample the case of a planar object. In that case, any
point in the image can be chosen as epipole. Then, anwheren* is the normal to the virtual plane expressed
infinity of vectorsf are solutions of system (13). In  in F*, andd* is the distance fror@* to = (see Fig. 5).
presence of noise, if it is impossible to detect that a From the estimated homography matRxtq- = t/d*,
degenerate case occurs, any solution may be chosen aandn* can thus be directly calculated without any ad-
the good solution, which implies that the estimation of ditional estimation. To compute these parameters, one
the motion parameters is generally completely wrong. of the algorithms proposed in Faugeras and Lustman
Onthe other hand, as explained above, there exists only(1988) or Zhang and Hanson (1995) can be used. Un-
one collineation matrix, and its estimation is possible fortunately, in the most general case, we have two dif-
through systems (26) and (27). ferent solutions. If the object is known to be planar,

Consider now the case of a pure rotation. The solu- the indetermination can be eliminated if an additional
tion of system (13) should be= 0. However, thefunda-  information is available (for example from the normal
mental matrix is estimated by imposing the constraint vectorto the virtual plane). Otherwise, the indetermi-
IIfl =1 sincef is computed as a column of an orthonor- nation is eliminated by considering another reference
mal matrix. Itis thus impossible to obtain an estimation plane and by choosing the common solution between
near the right solution, that j§|| = 0. Onthe contrary,  the two pairs (Faugeras and Lustman, 1988). In visual
the solutions of system (26) and (27) always satisfy the servoing, this has to be done only once, at the first itera-
constraints|x|| =1 and||h|| = 1 respectively. These tion of the control law, since the solution the nearest of
constraints, imposed when performing the SVD of the the previous one can be chosen for the next iterations.
measurement matrix, are ensured even in the degen- Finally, the ratiop involved in our control scheme
erate cases. Then, the estimation of the camera dis-can be directly computed froR, ty-, andn*. Indeed,

Furthermore, the homography matrix can be written as
a function of the camera displacement (Faugeras and
Lustman, 1988):
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been able in Malis (1998), Malis et al. (1999) to de-
termine analytical conditions to ensure the local and
global asymptotic stability of our system in presence
of calibration errors.

5. Simulations Results

In this section, we compare the accuracy of our method
to standard ones. The simulated objects are composed
of a cloud of 16 points, and, for each experiment, sev-
eral objects are randomly built. The camera displace-
ment is also randomly chosen, and, for each camera
displacement, several random additive noise on image
coordinates (with 1 pixel standard deviation) was gen-
erated. As already explained, the three points automat-
ically selected to define the reference planare such
that they maximize the surface of the corresponding
triangles in both images. The mean, the standard devi-
ation and the maximum of the absolute value of the fol-
we have: lowing errors was then computed (where the hat refers
to the estimated value):

Figure 5 Motion and structure parameters.

n"m .
p=  ——r ifmen
nem (34) e Rotational error The distance between the two ro-
_ ta]« Rm*|| it men tationsR andR, which is the shortest length of the
el mil geodesic starting & and ending aR. The shortest
length of this geodesic is the rotation angleof the
where the ratio between distancesandd* (see Fig. 5) matrix RR1.
is given by: e Translational error The angled; between the nor-

malized vectors/||t| andt/|t]|.

r= % = detH) = 1+ n*"Rtg (35)

As already said, we focused in this paper on linear
estimations since they are the only ones able to give
results at video rate. Since time processing is not crit-
ical in simulation, we consider also in this section the
results obtained with the non-linear method described
in Deriche et al. (1994), Zhang (1998). The results of

the different methods are plotted in the figures respec-

If the camera s not perfectly calibrated ahis used
instead ofA, it is again possible to express the parame-
ters involved in our control scheme. More precisely, if
we consider that the homography at infinity can be es-
timated, and restrict the computation to the case where
the pointm used in the control scheme belongsttp

we obtain: tively with:
b6 o= 3AU and j=p (36) e atriangle for the eight point algorithm using normal-
[6Aul ized data (EL) (see Section 3.2.1).

e a square for the motion estimation using the virtual
whereSA = A~!A describes the (unknown) error on parallax algorithm (VP) (see Section 3.2.2).
the intrinsic parameters. It must be emphasized that ro- e a circle for the linear homography matrix estimation
tation angled and ratiop are computed without error. algorithm (HL) (see Section 4.2).
Our control scheme is thus particularly robust with re- e a diamond for the non-linear algorithm (NL) de-
spectto calibration errors. As already explained in Sec-  scribed in Deriche et al. (1994), Zhang (1998) and
tion 2, thanks to the simple above relations, we have initialized with the EL algorithm results.
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The EL and NL algorithms have been tested using the have been considered, and for each of these configura-
Fmatrix software developed by Zhahg. tions, 10 experiments adding random image noise have
been realized. As for the camera orientation, it varies
randomly from a nominal position in front of the plane
with a maximal displacement @f60°. The translation
of the camera is chosen such that the points remains in
As already explained, our visual servoing scheme does the camera field of view. The initial distance from the
not necessitate any a priori information about the 3D plane is 50 cm.
model of the considered object. In man-made environ-  As expected, considering a planar object is un-
ment, it is very common to find planar or nearly planar favourable for the algorithms EL and NL based on the
surfaces. Itis thus important that the algorithm estimat- fundamental matrix estimation. Important mean errors
ing the camera displacement provides accurate results(18° and 40 for the rotational and translational er-
when the considered object is planar, even if it corre- rors) are obtained using these algorithms whatever the
sponds to a degenerate case of the epipolar geometry.number of points. Results using our HL algorithm are
We thus consider here objects composed of 16 copla- satisfactory (the mean error is éor the rotation and
nar points randomly chosen in a square ok3gD cn?. 15° for the translation) since the most accurate and sta-
In Fig. 6 are given the mean of the error, its standard ble. Finally, the VP method gives intermediary results
deviation and the maximal error computed over 40000 since, even if the displacement is computed from the
samples varying randomly the camera displacement homography, the homography is estimated jointly with
and the structure of the points in the square. More pre- the epipole, which introduces important perturbations.
cisely, 40 planar objects and 100 camera displacements

5.1. Accuracy with Planar Objects
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5.2. Accuracy at the Final Position

We now consider the case of a small camera displace-
ment. In visual servoing, since this displacement is a
priori unknown, it may thus be small, even for the initial
camera position. This is typically the case for robot sta-
bilization and target tracking tasks. Furthermore, what-
ever the initial camera position, it is obvious that, at
convergence of the visual servoing scheme, the dis-
placement has to be as small as possible. To preserve
the stability of the control law, it is thus extremely im-
portant that the algorithm used to estimate the camera
displacement provides an accurate and stable result in
the case wher = | andt = 0, even if the epipolar
geometry is degenerate (since the epipole is undefined
in the image).

For the simulation, we s&® = |,t = 0 and use 100
objects composed of 16 points randomly chosen in a
cube of 30x 30 x 30 cn?¥. The results obtained for
10000 tests (100 tests with different noise for each ob-
ject) are shownin Fig. 7. As expected, the HL algorithm
produces more accurate results than the VP algorithm,
since the homography is not estimated jointly to the
epipole. As expected also, the EL and NL algorithms
are less accurate than the HL and VP algorithms, espe-
cially when the number of considered points is small.
These results confirm that, in the singular cases, the
use of an homography matrix is preferable to obtain
the motion parameters.
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Figure 7. Rotation error versus number of points when the camera
is at its final position.

5.3. Accuracy with a Rotating Camera

In this simulation, we consider a stationary camera that
performs a pure rotation of 1@&round a random axis
(10000 tests corresponding to 20 objects and 50 differ-

ent axes of rotation have been done). As can be seen

91

5.4. Accuracy with Random Camera Displacement

Figure 9 shows the results obtained with random
generic displacements (once again, 10000 samples
have been done to deal with 20 objects and 50 dis-
placements). In that case, the NL algorithm produces,
as expected, the best results, but we can note that those
obtained using the HL algorithm are satisfactory in re-
gard to those obtained using the EL method (since they
are very close). Finally, the VP algorithm gives the
worst results, since the joint estimation of the epipole
and of the homography matrix induces perturbations
on the camera motion estimation.

We can remark that, for all methods, the errors are
most important in this experiment than in the previous
ones. This is due to the fact that the random camera
displacement may imply that the object is very small
in the image, which of course induces less accurate
results.

To conclude, we recall that the choice of the three
reference points is important in our HL method (as al-
ready explained, they are selected to maximize the area
of the corresponding triangles in both images). The
quality of the results when these points are matched

rolation: mean error transtation: mean eror

in Fig. 8, we obtain very similar results to the previ- )
ous simulation and the HL algorithm produces again  *J\ »
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with large imprecision can be very bad. However, in simulation results, the HL algorithm produces more
all the presented simulation results, the variance of the accurate results than the EL algorithm. Finally, it is
noise on all points was of 1 pixel, which means that the quite surprising that the HL method gives more accu-
algorithm is accurate even in presence of noisy images. rate results than the NL method. This is due to the fact
Finally, as it will be explained below, dealing with out-  that the camera displacement is not important in regard
liers (mismatched points) was not in the scope of this of the dimension of the scene, which means that the
paper. considered example is not far from a degenerate case
of the epipolar geometry.

6. Experimental Results )
6.2. 21/2 D Visual Servoing Results

6.1. Camera Displacement Estimation Using ) ) )
a Real Scene The HL method has been integrated in the visual ser-
voing scheme described in Section 2 and tested on a

We now consider a real scene and a calibrated eye_in_seven d.o.f. indUStrial. robot MItSUbIShI PA10 (at EDF
hand system. In the reported experiment, the cameraDER Chatou) and a six d.o.f. Cartesian robot Afma (at
displacement has been sette: [ 14 6 —18]" cm and IRISA). As far as camera calibration is concerned, we
r = [21-3.1-0.7]7 dg. The points (matched using have used the pixel and focal lengths given by the con-
the Image Matching software developed by Zhang) ~ Structor in order to compute the image coordinates
in both image% were numbered from 1 to 28 (see andv from their measured values (in pixels) in the im-
Fig. 10(a) and (b)). age. The center of the image has been used for the prin-
The first 3 points were chosen by hand as reference CiPal point. The object was a black board with twelve
points for the change of projective coordinates. The er- White marks on three parallel planes (see Fig. 11). The
rorsé, andé, versus number of points are depicted in €xtracted visual features are the image coordinates of
Fig. 10(c) and (d) respectively. On the whole, the NL Fhe center of gravity of each marI§. With suc_h simple
algorithm gives better results than the EL algorithm images, the control loop can easily be carried out at

(surprisingly except for 13 points). According to the Video rate. _
For large camera displacements, such as the ones

considered in the experiments, point matching between
initial and reference images is a difficult computer vi-
sion problem. This problem has not been considered
here because of the simplicity of the considered ob-
ject. Furthermore, this matching has to be done only
once, just before the beginning of the visual servo-
ing, where real time issue is not needed. Finally, in the
robotics applications we are working on, this matching
process can be solved thanks to the help of a human
operator.

Inthe following experiments, the NL method has not
beentested since itis not able to provide results at video
rate. The EL method has also not been implemented.
From the simulation results described in the previous
section, very unstable results can be expected when
the epipole is undefined, which unfortunately occurs
when the camera reaches its desired position. For this
reason, only the VP and HL methods were tested. Fi-
nally, in order to prove the validity of the homography

(© () estimation, even in non optimal conditions, the three
Figure 10 Real scene: results versus number of points. (a) First reference points were not taken spread in the image

image; (b) Second image; (c) Rotational error (dg); (d) Direction of (S€€ Fig. 11(a) where a square has been superimposed
translation error (dg). around each reference point).
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Fig. 11(c) and (d)), and demonstrates the interest of our
method with respect to classical ones.

6.2.2. Pure Translation. In this second experiment,
the camera displacement was a pure translation such
that the epipole coincides with a reference point in the
image € = p1). The obtained results are displayed on
Fig. 12. As can be seen on the plots, from iteration O
Ko Ny to 5, the VP algorithm is very unstable since it is near
L i blide. - its singularity, while the HL algorithm is always more

(a) (b)

(c) (d)

5 4 4/’ et H

-~

bt b p b L L (@) ®)

Figure 11 Rotational camera displacement: results versus iteration ~

number. (a) Desired image; (b) Initial image; (c) VP: control law; e e s s
(d) HL: control law; (e) VP: rotation (dg); (f) HL: rotation (dg);
(9) VP: transl. (cm); (h) HL: transl. (cm).

6.2.1. Pure Rotation. The results of the 2/2 D vi-
sual servoing, obtained when the camera displacement
were a pure rotation 0£30 dg around the axis, are
given in Fig. 11. The HL and VP algorithms produce i i o ;
good results even if the epipole is undefined all along =+ & & = & & % & = v w = v v ww b e
the experiment. However, it can be observed that the ro- @ (h)

tation (Fig. 11(f)) and the scaled translation (Fig. 11(h)) _ _ _ _
timated usina the HL alaorithm are less noisv than the Figure 12 Translational camera displacement results versus iter-
€s g 9 y ation number. (a) Desired image; (b) Initial image; (c) VP: control

ones estimated using the VP algorithm (see Fig. 11(€) jaw; (d) HL: control law; (e) VP: rotation (dg); (f) HL: rotation (dg);
and (g)). This implies a more stable control law (see (g) VP: transl. (cm); (h) HL: transl. (cm).
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accurate and stable. Once again, we can note that the

estimation of the parameters involved in our control
scheme of course reflects on the computed control law,
which is thus more stable and satisfactory using the HL
method.

6.2.3. Generic Camera Displacementin this last
experiment (see Fig. 13), a generic camera displace-
ment is performedt =[-1.3 552 41]T cm andr
[36.2 —17.2 484]" dg. Once again and according to
the simulation results, the HL algorithm produces more
stable results than the VP algorithm (see the output con-
trol law in Fig. 13(d) and (c) respectively).

From the initial to final camera poses, the es- ~°

timated rotational displacement using the HL al-
gorithm is 7 [34.8 —14.9 483]" dg. Similarly,
the estimated direction of translation i3]t
[ —0.04 099 004]"(while the real direction of transla-
tion wast/||t| =[—0.02 099 007]T ). The algorithm is
thus accurate (maximal rotational error is arouhh?®
well as the angle error on the direction of translation)
despite the coarse calibration which has been used.
We finally present on Fig. 14 the results obtained us-
ing the HL algorithm when the three reference points
are taken spread in the image (see Fig. 14(a)). The im-
ages corresponding to the desired and initial camera
position are given in Fig. 14(a) and (b) respectively.
The points trajectory in the image recorded during the
experiment are plotted on Fig. 14(e). We can note that
all points remain in the camera field of view (which is
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Figure 14 Another experiment with large displacement. (a) De-
sired image; (b) Initial image; (c) Velocity of rotation (dg/s); (d) Ve-
locity of translation (cm/s); (e) Image trajectories.

not the case using classical position-based and image-

based approaches (Malis et al., 1999)). Furthermore,

(a) (b)

(c) (d)

Figure 13 Generic camera displacement results versus iteration
number. (a) Desired image; (b) Initial image; (c) VP: control law;
(d) HL: control law.

the trajectory of the point selected as input of the con-
trol scheme is easily identified since it looks like a
straight line in the image. Our scheme is thus particu-
larly robust with respect to modelling errors since it is
not disturbed by the use of a coarse camera calibration
and a coarse approximation @f (in the experiment,

Z* has been set to 50 cm while its real value is equal to
60 cm). Finally, we can note on Fig. 14(c) and (d) the
improvement on the stability of the control law brought
by an adequate choice of the 3 reference points used to
define the virtual plane .

Numerous other experiments are detailed in Malis
(1998), Malis etal. (1999). We refer aninterested reader
to these references where it is shown that the conver-
gence domain of the 2/2 D visual servoing is larger
than for the classical position-based and image-based
schemes. Important camera and hand-eye calibration
errors are also considered.

6.2.4. Experiment on a Planar Object.We now
present the results obtained using a planar object (see
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(e)

Figure 15 Results obtained using a planar object. (a) Desired im-
age; (b) Initial image; (c) Rotational velocity (dg/s); (d) Translational
velocity (cm/s); (e) Image trajectories.

Fig. 15 where the 12 points now lies on a plane). We
recall that our method, as the others, is theoretically
unefficient to deal with this case where the epipolar ge-
ometry is degenerate. However, as already explained,
as soon as noise exists in the image measurements, our
method is able to provide satisfactory results. This is
demonstrated on Fig. 15(c) and (d) where the compo-
nents of the computed control law are depicted. We
can note that, even if the level of noise is very low (ap-
proximatively 0.1 pixels with so simple images), the
estimation of the parameters involved in our control
scheme is as stable as for a non planar object, since it is
difficult to find any difference in the level of noise of the
control law between this experiment and the previous
one.

7. Conclusion

The visual servoing scheme presented in this paper has
many advantages over the standard methods. The most
important one is that our scheme does not need any

3D model of the observed object. 22lvisual servoing
presents also very interesting decoupling and stability
properties, and it is particularly robust with respect to
modelling errors. The control scheme is designed from
an Euclidean reconstruction which can be obtained ei-
ther from the essential matrix or from an homogra-
phy matrix. However, we have shown and confirmed
by simulation and experimental results that recovering
the camera displacement from the homography matrix
gives more stable results when the camera comes near
its desired position. Future work will be devoted to the
application of 2 12 D visual servoing on real images,
where image processing and features matching have to
be considered carefully.

Appendix
The j-row of the measurement matii; (see (26)) can

be written in function of the image points coordinates
as follows:

C1 = wiwjukl (U] — Ufv})
=+ wj wkvju’]-*(ui*v(j — Uivi*)
sy ko K %k
C2 = wjwjUkv (Uv] — ujv)
+ wi wilj v Uy — Ufvg)
+ wjwli v (U — Ugvy)
C3 = vj vkw; U7 (U wy — Uw;’)
+ vivjwl (Ui — UFwy)
* k0K * 0k
Ca = Ui Ukw; v} (v wye — vewy)
+ Ui Ujwivg (viw” — viwj)
+ Ujuw; vi*(vf(‘wT - v’j“wﬁ)
Cs = vj ukUiwi (Ujwy — Uewy)
+ vjukU; w]-k(uﬁwi* — Ui*wlt)
+ vivjUkwy (Ufwj — ujwy)
Ce = UjUkviw; (vjwy — vew?)
+ Ui Ukvjwj (vew]” — vi'wy)
+ Ui Ujvwy (v w] — viwy)
C7 = Ujvw; (Ugviw; — Ulvfwy)
+ Ukvi wj (Ujvewi” — Ufvjwy)
+ uivjwk(u[ﬁvi*w}" — UTv;wi*)
+ Uj v wi (U vgw} — ugviw’)
kK * k% *

+ Ujukwi (U vjwy — Ueviwy)
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Let us now suppose that two points are related by
a collineation (which is the case for a planar object or
when the camera displacement is a pure rotation). In
that case, we have:

u G O O u*
v = O gv 0 U* (37)
w 0 0 @ w*

We thus haver* =u/gy, v* =v/0,, w* =w/§,, from
which we can deduce:.

C1 = (wjwjvkUk(Ujvi — Ujvj)

+ wi wkvjuj (Ui vk — Ukvi)

+ wjwivi Ui (Ugvj — Ujuk))/(G33,)
C = (u)in'Ukvk(Uivj — Ujvi)

+ wj wkUjvj (Ugvi — Ujvg)

+ wj wl; v (Uj vk — Ukv;))/ (G20u)
C3 = (vivkwjUj (Ui wk — Ukwj)

+ vivjwkUk(Ujwi — Ujwj)

+ vj vw; Ui (Uw — Ujw))/ (30w )
Cs = (Ui Ukw;jvj (v wk — vkwj)

—i—Uinu}kvk(iji —inj)

+ uj uew; vi (vew; — vjwi))/(320)
Cs = (vjvkUj wi (Ujwk — Ukwj)

=+ v kajwj(Ukwi — Uj wg)

+ vivj Uwk (U wj — ujwi))/ (G2 6u)
Cs = (ujukvi wi(vju)k — vku)j)

+ Ujugvjwj (vkwi — vjwg)

+ Ui uj vwk (i wj — vjwi))/ (85 8)
Cc7 = (U vkwj(ukv,-wi — Ujv; wy)

+ Ukvjwj (Ujvkw; — Ujvjwg)

+uivjwk(ukviwj - ujvkwi)

+ujviwk(uivkwj — ukvjwi)

+ Ukvj wj (ujviwk — uivkwj)

+ Ujvkw; (Uj vjwk — Ukviw;))/(0uGvGw)

Posingc) = ¢1(38.), € = C2(G20,), ¢ = C3(330w),
¢, = €a(850u), G5 = C5(G50u), ¢ = ¢6(G50,) and
¢, = ¢7(8u0,0.), and expanding the equations, we

obtain after some tedious computations:

cG=o, C=-a C=—au
C,=o, C=uaq, C; = —a,
¢ =0

where:

o = UjUgvj vk wj wj — Ui UkVj vxwj wj
+ Ui Uj vjukwj wg — UjUgvi vj wj wg

+ Uj Uk v vjwjwg — Ui Uj v vgwj wg

We can note that # 0, except when the three points
involved in (26) are collinear.
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Notes

1. Available on
zzhang-eng.html

2. Provided by the Inria Syntim project (http://www-syntim.inria.
fr/syntim/analyse/paires-eng.html)

http://www.inria.fr/robotvis/personnel/zzhang/
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